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Discrete optimal quadratic AGC 
based cost functional minimization 
for interconnected power systems
M. Esmail * & S. Krishnamurthy 

The increasing complexity and difficulty of the Automatic generation control (AGC) problem has 
resulted from the increasing scale of interconnected power networks and changing daily demands. 
The primary goals of AGC are to control frequency variations at nominal levels and tie-line power 
variances at planned levels. To effectively deal with AGC control difficulties, this study introduces 
Discrete Optimal Quadratic Automatic Generation Control (OQAGC). One advantages of this 
method is the differentiation of quadratic cost function results into linear terms while minimizing 
control actions and minimizing state deviations. This developed control method leads to a simple 
and easy discrete control law that can be implemented for both linear and nonlinear systems. For 
optimizing the controller, this research work utilized an optimum control theorem using Lagrangian 
multipliers, while the functional minimization technique is used for systematically selecting the 
state and control weighting matrices in discrete form for N control regions (where N is the number 
of interconnected power systems). The discrete cost function needs are derived using this technique 
in terms of area control errors, integral area control errors, and control energy expenditure. Four 
interconnected power systems were analyzed with/without disturbances and area control errors, 
each with one thermal, hydro, and gas-generating unit. A two-area multi-source power system with 
renewable energy in control area 2 is analyzed for the performance of the proposed controller with 
generation rate constraints (GRCs). The functional minimization technique simplifies and eases the 
choosing of weighting matrices. Furthermore, the simulation findings suggest that the developed 
discrete optimum quadratic AGC control-based cost functional minimization approach enhances 
power system dynamics in terms of stability, steady-state performance, and the closed-loop control 
system’s robustness to input load disturbances. As a result, the newly developed OQAGC approach 
demonstrates the significance of the discrete LQR controller for N multi-area power systems.

List of symbols
�Ptieij	� Tie-line power deviation
�fi	� Frequency deviation for the ith area (Hz)
�PDi	� The load input deviation for the ith area (pu.MW)
IAECi	� The ith area ‘s integral deviation of area control error
Tpsi	� The time constant of the power system for the ith area (s)
Tti	� The turbine time constant for the ith area (s)
TGi	� Governor time constant for the ith area (s)
Tij	� The tie-line synchronizing coefficient between the ith area and the jth area (pu.

MW)
kpsi	� The power system’s gain for the ith area
ACEi	� Area control error for the ith area
Rnr = Rth = Rhy and Rg	� The governor speed regulation parameters of thermal, hydro, and gas power plants 

respectively (Hz.pu.MW−1)
Bi	� The ith area’s frequency biasing factor
x	� The states of the overall interconnected power system
ki	� The quadratic optimal control constant vector for the ith area
ui	� The control law signal for the ith area
PR	� The rated power
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�δij	� The degree deviation between any two areas
N	� Number of interconnected power systems
TSG	� Speed governor time constant (s)
kr	� Steam turbine reheat constant
Tr	� Steam turbine reheat time constant (s)
Tw	� The nominal starting time of water in penstock (s)
Trs	� Time constant for resetting the hydro turbine speed governor (s)
Trh	� Hydro turbine speed governor transient drop time constant (s)
Tgh	� Hydro turbine speed governor main servo time constant (s)
Xg	� The gas turbine speed governor’s lead time constant (s)
Yg	� Valve positioner constant of the gas turbine (s)
Cg	� Gas turbine valve positioner
bg	� Gas turbine constant of valve positioner (s)
Tf 	� Time constant for gas turbine (s)
Tcr	� Gas turbine combustion reaction time delay (s)
Tcd	� Volume-time constant of gas turbine compressor discharge (s)
αn = αth = αhy and αg	� Thermals, hydro and gas generating units all have participating factors.
a1	� Constant of valve positioner
GRC​	� Generation Rate Constraints
�Pn	� Generation output power deviation of non-reheat thermal plant in pu. MW.
�Pv1	� Non-reheat thermal plant governor valve position deviation pu.
�Pr	� Generation output power deviation of reheat thermal plant in pu. MW.
�PRt	� A deviation in the intermediate governor output of the reheat thermal plant in pu.
�Pv2	� A deviation in the output of the steam turbine governor of the reheat thermal 

plant in Pu
�Phy	� Generation output power deviation of hydro plant in pu.MW
�Xh	� Hydro plant governor valve position deviation in Pu
�Prh	� Governor valve servo motor position deviation of hydro plant in pu
�Pg	� Generation output power deviation of gas plant in pu.MW
�Pfc	� Deviation in intermediate state of fuel system and combustor of gas turbine in pu
�Xg	� Deviation in intermediate state of gas turbine speed in pu

The control of active power is a major requirement in the day-to-day management for any modern energy power 
systems1. The main objectives of this control are to maintain the frequency deviations at a nominal value, keep the 
tie-line power changes between areas at a scheduled value, and ensure that the frequency variations are returned 
to zero2–4. In other words, the power losses and loads are sensitive to generator’s speed and frequency. Therefore, 
for satisfactory operation, the mechanical power and the electric power delivered to consumers must be matched. 
The system frequency depends on the active power balance. Therefore, a mismatch in active power reflects a 
change in frequency. Once a load is added to the power system, the power mismatch is initially compensated 
by extracting kinetic energy from the system’s inertial storage, resulting in a drop in power system frequency. A 
decrease in frequency leads to a decrease in power taken by loads. At equilibrium, the frequency will be constant 
or at nominal value5,6.. In contrast, distributed resources have totally different behavior comparing to the classical 
generators because they are interfaced via power electronic devices7. As result, there is no coupling between the 
rotational speed of the generator and the system frequency8, and hence, inverter-connecting generating units 
does not inherently contribute to the total system inertia9. Therefore, the distributed energy resources integrated 
into power systems act as additional disturbances to the power system under consideration. Due to this, the 
increasing of the load demands makes this control problem challenging. Besides the interconnected power 
system are growing in size due to the integration of the new distributed resources i.e. wind-farms and, PV, into 
the main grid, adopting new concepts i.e. smart grid and digitization of the power systems makes this control 
even more complex and challenging10.

1.	 Background: At the beginning, the bias tie-line control was introduced by Cohn in 1956 for an intercon-
nected power system. The frequency of the power system was controlled via the governor of the synchronous 
machine using a flywheel mechanism11. This technique was later found to be insufficient. Therefore, the idea 
of supplementary control was added to the governor with the help of the Area control error signal (ACE)12. 
The most widely used supplementary control types in the literature are the classical linear controllers: integral 
control(I), proportional-integral (PI), and proportional integral Derivative (PID) controllers because of their 
simplicity in design and implementation. Hence, their major drawback was the degradation of the controlled 
system performance due to the nonlinearities of the system and the system operating points13. In addition, 
blackout may result, owing to the increased size and complexity of modern power systems as the oscillations 
will propagate into interconnected power systems14. To address these challenges, optimal quadratic AGC 
control method based on optimal modern control theories is required to regulate the frequency and tie-line 
power flow. The discrete quadratic regulator is used because in most modern control applications, the control 
law is built around a computer (microcontrollers), where the action of the control law is provided during 
the sampling period. In addition, the linear control law can be applied to both linear and nonlinear systems 
based on the assumption of linearity that justifies the use of optimal linear control theories. Finally, the dif-
ferentiation outcome of quadratic cost function leads to a linear term and compromises between minimizing 
the control action and the state variables15.
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2.	 Literature review: In the past various control categories have been adopted to deal with AGC problems. 
These control strategies were ranged from robust control methods, variable structure control, adaptive con-
trol schemes, robust control methods, digital control and intelligent techniques and amongst others. The 
thorough reviews conducted give the complete literature analysis of various AGC control mechanisms along 
with their benefits and disadvantages10,12,16,17. Several AGC studies have been conducted in the past decade 
to address AGC problems in complex interconnected power systems using soft computing and intelligent 
control techniques, including; two-degree-of-freedom-fractional order-PID (2-DOF-FOPID) Controller18, 
2DOF PID controller based on FACTS and firefly optimization methods19, multiobjective based optimi-
zation of artificial bee colony (ABC) algorithm for load frequency control (LFC)20, differential evolution 
(DE) algorithm21, bacterial foraging optimization algorithm (BFOA)22, a quasi-oppositional harmony search 
(QOHS) algorithm based proportional–integral–derivative (PID)23, teaching learning based optimisation 
(TLBO)24, two degree of freedom -integral plus double derivative (2DOF-IDD ) based on cuckoo search algo-
rithm (CS)25, power system stabilizer (PSS) and static synchronous series compensator (SSSC) coordinated 
controllers based on seeker optimization algorithm (SOA)26, and fuzzy gain scheduling controller based on 
genetic algorithm (GA)27. recently, a novel cascade fuzzy integral derivative-filter (FPIDN) –fractional order 
PIDN (FPIDN-FOPIDN) controller based on Imperialist Competitive Algorithm (ICA) has been proposed 
to effectively deal with AGC issues in various two-area control interconnected power systems28. This mainly 
due to their low-cost solution and guarantees to provide practical solutions, as well as their ability to handle 
uncertainties, nonlinearities, and complexity of the power systems10. Besides, Genetic algorithms (GA) 
based optimal controllers are found to be associated with high correlation of the optimized parameters and 
GA’s performance and its research capabilities are degraded and reduced due to premature convergence29. 
Further, particle swarm optimization (PSO) is associated with the phenomena of explosion of the swarm 
(particles diverged to infinity) even if the maximum speed and acceleration are correctly defined23. Despite 
the advantages of the soft computing based AGC control techniques, they give an approximated output values 
instead of true optimal values.

	   A modern optimal control theory has also been investigated in the literature as one of the control strategies 
to deal with the complexity of interconnected power systems. The first optimal AGC control was introduced 
by Fosha and Elgerd30, and Elgerd and Fosha31 for two-area interconnected power systems. In these papers, 
the authors proposed an optimal AGC controlled using full state feedback control based on the law of a 
proportional-integral (PI) control law to minimize the cost function and determine a gain feedback matrix. 
The design of optimal control aims to determine the optimal control law that can transfer the system from its 
initial state to the final state such that a given cost function is minimized32. Ibraheem and Kumar33 proposed 
optimal AGC based on state feedback control and three different approaches for selecting weighting matrices 
to minimize the cost function and find the optimal gains of the feedback matrix for two area interconnected 
power system with non-reheat turbines. The three approaches are the controllability and observability indices 
of the system, functional minimization method (FMM), and engineering judgement based on the selection 
of all states of the power system. In the first approach, the state matrix of the power system is transformed 
to diagonal matrix form by using the Eigenvalues and Eigenvectors decomposition method. in the second 
approach, the weighting matrices are obtained by the minimum values of the functional of the cost function, 
which can be obtained through the partial differentials of the functional of the cost function. This approach 
considers few output variables, namely the minimum of area control error, minimum of the integral area 
control error and the minimum of the control signals. Finally, the third approach’s weighting matrices are 
selected by considering all state variables involved in the control action. Weighting matrices are generally 
constructed based on identity matrices based on power system order. Also, to consider the communication 
delays and ensure the stability of interconnected power system in real-time environment, the authors (Pathak 
et al.34) proposed optimal centralized PI control based on state feedback control and functional minimization 
method (FMM) for identical two area interconnected power system. To minimize the follow of the tie-line 
power and frequency deviations, the authors (Tungadio et al.2) designed an optimal controller based on 
fmincon to control the active power balance of two micro-grids linked by two AC tie-lines. fmincon is a 
built-in MATLAB function used to solve optimization problems. Each micro -grid consists of wind farm, 
hydro plant, battery energy storage system and the load demand. This control method can handle robustness, 
reliability and nonlinearities associated with the power system when compared to PID linear controller. In 
another study, Yang et al.35 combined the Lyapunov energy function, optimization design theory, and an 
iterative linear matrix to design optimal AGC control for two and five area interconnected power systems 
respectively. Further, a distributed LQR design is proposed by Vlahakis et al. for a large-scale multi-area 
power system to guarantee the overall stability of the network and disturbance rejections of power-load step 
variations36. This method maximizes stability margins and robust against load disturbances. Recently, optimal 
AGC control based on full state feedback control for two area interconnected power system with multiple 
generators is proposed to minimize the cost function and find the gain of the feedback matrix. This method 
show that optimal control methods are simple to design, offer low cost and robust performances. Besides, 
it is robust, reliable, against nonlinearities and modeling uncertainties associated with power systems2. 
Therefore, in this paper discrete optimal quadratic AGC based cost functional minimization is adopted for 
interconnected power systems.

	   In the design of the optimal quadratic control, the most important first step is choice of the state and con-
trol weighting matrices Q and R. The weighting matrices Q and R play a vital role in determining the amount 
of steady state error, energy expenditure, and system performance21. In the literature, various approaches 
have been used for the selecting weighting matrices. The authors used a trial and error method based on the 
characteristics of the system state and controller37, Bryson’s rule in which the matrices Q and R, are taken 
as diagonal matrices with diagonal entries38 for selecting the weighting matrices. Also, Q and R were also 
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selected based on the desired natural frequency and damping ratio of the closed-loop system for LQR based 
linear controllers39. Authors (Das et al.40) proposed using global optimization techniques, i.e. real coded 
genetic algorithm to optimally find the weighing matrices that are associated with LQR based PID control 
design. Besides, the controllability and observability indices of the system, functional minimization method 
(FMM), and engineering judgement based on the selection of all states of the power system. In the middle 
method, the optimal quadratic AGC control is designed to transfer the system state from an arbitrary initial 
state to the final state in an infinite amount of time so that the cost function is minimized. The weighting 
matrix Q was defined for the dynamic system under study by considering the excursion of area control 
errors, the excursion of the integral of area control errors and the excursion of the control vector about the 
steady state. This method was recently applied to a realistic model of optimal AGC in a real-time-time envi-
ronment for two areas of control in the existence of communication delays34. The results revealed that the 
cost functional minimization method provides more realistic responses and it can be easily extended to the 
class of large dynamical systems i.e. power systems coupled with interaction signals. Besides, the discussed 
method, has the advantage of using part of the state variables to build the state weighting matrix, and so it 
is not requiring an observer to estimates the power system states.

3.	 Research gap and motivation: Based on the literature review, two studies have only been conducted for the 
functional minimization method for two-area control system with an identical non-reheat turbines. There 
is no research related to hydro and gas generators, as well as the combination of these two generators and 
other types of generators. Therefore, the discrete optimal quadratic automatic generation control (OQAGC) 
based on functional cost minimization is developed for interconnected power systems in this paper. Since 
it provides a simple and straightforward systematic approach, takes into account partially known state vari-
ables, and enables the cost function to optimize the state feedback gains matrix using the well-known linear 
quadratic theory, state and input weighting matrices are constructed using the functional minimization 
approach. Further, due to high precision, smaller controller size and adoptable and less noise, of the digital 
control methods16,17, the state space models are converted from continuous forms to discrete forms. Moreo-
ver, OQAGC compared with existing control approaches.

4.	 Contribution
	   Considering the above literature, the significant contributions of this paper are:

•	 State space modeling of continuous and discrete forms of four area interconnected power systems are 
presented.

•	 A general cost functional minimization method is proposed for selecting discrete weighing matrices for 
N control areas and four area control with non-reheat, reheat, hydro and gas generators.

•	 State and input weighting matrices are developed based on functional minimization method to be 
implemented in the cost function for N control areas and four area control with non-reheat, reheat, 
hydro and gas generators.

•	 The steady-state Riccati Equation Matrix is implemented effectively to optimize the feedback control 
gains.

•	 Discrete optimal quadratic automatic generation control (OQAGC) is proposed based on functional 
minimization approach and an optimal control theory framework for N interconnected power systems 
with load disturbances.

•	 The performance of the OQAGC on power system dynamics has been studied with/without disturbances 
area control errors and sensitivity analysis the by considering four control areas. The results revealed that 
states deviations can converge to zero and that OQAGC shows robustness against disturbances. Thus, 
OQAGC is promising to be applied widely for more complex decentralized systems

•	 Finally, the formulation of the cost functional using the minimization approach is simple and easy to 
implement.

5.	 Paper organization: The paper is organized as follows: “The design of OQAGC control” section describes the 
design of the OQAGC controller in details. “A functional minimization method” section describes the devel-
oped functional minimization approach in a general framework for N control areas. Design of a OQAGC for 
the Four Area Power System is discussed in “Case study: design of a discrete OQAGC for four area power 
systems” section. The results and discussion are described in “Results and discussions” and “Conclusion” 
sections respectively.

The design of OQAGC control
For the OQAGC control design the control system can be optimized using optimal theorem and lagrangian 
multipliers. Figure 1 depicts a closed-loop discrete optimal quadratic control system with a load disturbance 
signal w(k) and an output signal y(k).

Consider the steady-state optimization problem for an interconnected power system with an N number of 
control areas and a cost function:

Subject to the equality constraint: a discrete linear control system

(1)minJ =
1

2

∞
∑

k=k0

xT (k)Qkx(k)+ uT (k)Rku(k)
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where Qk ∈ R
n×n and Rk ∈ R

r×r are a symmetric positive semi-definite matrices k = k0, k1, . . . , kf−1 , kf = ∞ , 
x(k) is nth order state vector, u(k) is rth order control vector and Ak and Bk are matrices of n× n and n× r 
dimensions respectively,x(k0) and x(kf ) are the initial and final state conditions respectively ,w(k) is mth order 
disturbance input vector, and Ŵ ∈ R

n×r is a disturbance matrix.
A set of Lagrange multipliers �(1), �(2), �(3),…,�

(

kf
)

 are used to adjoin the cost functional in Eq. (1) and the 
equality constraint given in Eq. (2) so that the following augmented cost functional is minimized41.

where �(k + 1) is the Lagrange multiplier. From the definition of the augmented cost functional, the Lagrangian 
and Hamiltonian functionals are defined as follows:

The Lagrangian function in Eq. (4) and the Hamiltonian function in Eq. (5) are related by

The necessary conditions that minimize the augmented cost function, Ja are obtained by taking the partial 
derivatives of the Hamiltonian functional with respect to the state x(k), co-state �(k + 1) and the transforming 
control u(k) respectively as follows:

at the next time interval (k + 1), the Eq. (7) can be written as

(2)
x(k + 1) = Akx(k)+ Bku(k)+ Ŵw(k)

x(k0) = x0, x
(

kf
)

= xkf

(3)Ja =
1

2

k=kf =∞
∑

k=k0

[xT (k)Qkx(k)+ uT (k)Rku(k)] + �(k + 1)[Akx(k)+ Bku(k)− x(k + 1)]

(4)L(.) =
1

2
xT (k)Qkx(k)+

1

2
uT (k)Rku(k)+ �

T (k + 1)[Akx(k)+ Bku(k)− x(k + 1)]

(5)H(.) =
1

2
xT (k)Qkx(k)+

1

2
uT (k)Rku(k)+ �

T (k + 1)[Akx(k)+ Bku(k)]

(6)L(.)) = H(.)− �(k + 1)x(k + 1)

(7)x(k) =
∂H(x(k − 1), u(k − 1), �(k))

∂�(k)

( )( )( + )

( )

( )

Off-line simulation of  ( ) and evaluation of 

-L ( )

Closed-loop Optimal Quadratic Controller

+

+

+

Figure 1.   Closed-loop for an optimal control system with disturbances.
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Then, the optimal open-loop u(k) from Eq. (10) is obtained by

Thus, by substituting the optimal open-loop control law into the state Eq. (8), the Hamiltonian system or the 
State and Co-state system is obtained as follows42:

where Ek = BkR
−1
k BTk . Then, the steady-state Riccati Equation Matrix can be defined as

Hence, the optimal feedback control law is given by the formula,

where L is the optimal feedback gain matrix and it is given by the formula,

The optimal closed-loop system with disturbances is given by substituting the optimal feedback control law 
in the discrete model of the interconnected power system:

where w is the vector of the load disturbance set-points. The closed-loop system will be stable if the real parts of 
Eigenvalues of the closed-loop matrix, 

[

Ak − Bk[Rk + BTk PBk]
−1

BTk PAk

]

 are located in the left half plane of the 
complex plane. Therefore, the solution of the steady-state Riccati Equation P is obtained iteratively starting from 
the initial P(0) matrix. Then, at the steady-state the feedback control gain K causes the optimal cost function J 
to be derived by

The mathematical equations from (1) to (17) were adopted from the books written by Ogata41 and Naido42.

A functional minimization method
In this section, the functional minimization approach will be considered for developing the state and control-
weighting matrices ( Qk and Rk ) from Eq. (1). In this approach, the cost function is defined in terms of area control 
errors (ACEs), the integral of the area control errors (IACEs), and the summation of all control efforts. Then, 
the concept of partial derivatives is applied to each state and each control effort, and finally the summation of 
the partial derivatives of the states and the control efforts is combined to construct state weighting and control 
weighing matrices34. Accordingly, the requirements for the design are transformed into a cost function so that 
ACEs, 

∑

AECs , and the control vector u(k) are minimized across all control areas, and the steady-state values of 
ACEs and 

∑

AECs are zero, while the steady-state value of the control vector is constant.
Consider the cost function that meets the design requirements for N control areas (i = 1, 2, . . . ,N)

(8)x(k + 1) =
∂H(x(k), u(k), �(k + 1))

∂�(k + 1)
= x(k + 1) = Akx(k)+ Bku(k)

(9)�(k) =
∂H(u(k), x(k), �(k + 1))

∂x(k)
= Qkx(k)+ AT

k �(k + 1)

(10)0 =
∂H(u(k), x(k), �(k + 1))

∂u(k)
= Rku(k)+ BTk �(k + 1)

(11)u(k) = −R−1
k BTk �(k + 1)

(12)
[

x(k + 1)
�(k)

]

=

[

Ak −Ek
Qk AT

k

][

x(k)
�(k + 1)

]

(13)P(k) = Qk + AT
k

{

P(k + 1)− P(k + 1)
[

BTk PBk + Rk

]−1
BTk P(k + 1)

}

Ak

(14)u(k) = −Lx(k)

(15)L =

[

Rk + BTk P(k)Bk

]−1
BTk P(k)Ak

(16)x(k + 1) =

[

Ak − Bk

(

[

Rk + BTk P(k)Bk

]−1
BTk P(k)Ak

)]

x(k)+ Ŵw(k)

(17)J(k) = xT (k)Px(k)

(18)

J =
1

2

∞
�

k=k0







�

(AEC1)
2 + (AEC2)

2 + · · · + (AECN )
2
�

+















∞
�

k=k0

AEC1





2

+





∞
�

k=k0

AEC2





2

+ . . .

+





∞
�

k=k0

AECN





2










+ α
�

u1
2 + u2

2 + · · · + uN
2
�






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where ACE1,ACE2, . . . ,ACEN are the area control errors and 
∑

AEC1,
∑

AEC2, . . . ,
∑

AECN integral of area 
control errors, u1, u2, .., uN are the control vector signals for the entire interconnected power system and α is the 
constant factor used to limit the control effort of the controller.

For N control areas, the area control errors and their integrals can be defined as follows:

and

where �f1 , �f2 , . . . ,�fN are the frequency deviations for area1, area 2,. . . and area N respectively, �Ptie12 and 
�Ptie1N are the Tie line power deviations from area 1 to area 2,. . . and from area 1 to area N,  a12 = −1  is the 
constant coefficient which changes the sign of the tie-line power towards area2, IACE1 , IACE2, IACE3 , …, IACEN 
are the integrals of ACE1,ACE2, . . . ,ACEN.

By substituting Eqs. (19 and 20) into Eq. (18), we can find that the cost function expression is

with regard to the cost functional

We assume �Ptie12 = �Ptie13 = · · · = �Ptie1N for N control areas. Also u is the control vector signal. Now, 
the cost functional f (.) can be used systematically to formulate the weighting matrices Qk and Rk . First, write the 
ACEs and IACEs in terms of the state variables and substitute them into the cost functional in Eq. (22). Hence, the 
cost function becomes a function of the state variables and control signals. The aim is to represent the functional 
Eq. (23) by a standard quadratic functional using the matrices Qk and Rk for the state and control variables. The 
length of the state`s vector depends on the types and numbers of the power generators installed in each control 
area as well as the configuration of the Tie-lines. For instance, if we have N control areas and frequency deviation 
is selected as the first state in an N control area that contains non-reheat thermal, reheat, hydro and gas power 
plants, there will be one generator in each control area. Then, the states vector xT =

∣

∣ x1 x2 x3 · · · xN
∣

∣ for N 
control areas is given by:

Secondly, we take the first partial derivatives of the functional f (.) of the state variables and the control signal 
with respect to all states and the control signals, the Qk and Rk matrices can be constructed. Then, the partial 
derivatives with respect to frequency states, the Tie-line states and the integral of the area control errors states 
can be obtained in the form of first order Ordinary Differential Equations (ODEs) as follows:

(19)

ACE1 = β1�f1 +�Ptie1

ACE2 = β2�f2 + a12�Ptie2

ACE3 = β3�f3 + a13�Ptie3

...

ACEN = βN�fN + a1N�PtieN

(20)

IACE1 =

∞
∑

k=k0

(β1�f1 +�Ptie1)

IACE2 =

∞
∑

k=k0

β2�f2 + a12�Ptie2

ACE3 =

∞
∑

k=k0

β3�f3 + a13�Ptie3

...

IACEN =

∞
∑

k=k0

(βN�fN + a1N�PtieN )

(21)
J =

1

2

∞
∑

k=k0

({

(

β1�f1 +�Ptie1

)2
+ (β2�f2 + a12�Ptie2)

2 + · · · + (βN�fN + a1N�PtieN )
2

}

+
{

(IACE1)
2 + (IACE2)

2 + · · · + (IACEN )
2
}

+ α
{

u1
2 + u2

2 + · · · + uN
2
})

(22)
f (.) =

1

2

({

(

β1�f1 +�Ptie1

)2
+

(

β2�f2 + a12�Ptie2

)2
+ · · · +

(

βN�fN + a1N�PtieN

)2
}

+
{

(IACE1)
2
+ (IACE2)

2
+ · · · + (IACEN )

2
}

+ ρ
{

u1
2
+ u2

2
+ · · · + uN

2
})

(23)xT = [�f1�PT1PG1IACE1�Ptie12�f2 · · · IACE2�Ptie23 · · ·�fN · · · IACEN�PtieN−1]
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and

In the same way, taking the partial derivatives with respect to the integral of the area control errors states, the 
following first-order ODEs are obtained:

For solving the complex problem, in this paper the assumption is made that power demands on the intercon-
nected power systems are the same, therefore tie-line power deviations are the same. Also, the first control area 
has non-reheat thermal power systems to simplify the state weighting matrix development process. Then, from 
Eqs. (24–26) the state weighing matrix Qk  with dimension n by n is constructed as follows:

Proof: The following steps illustrate the construction details of the matrix Qk:

1.	 Rewrite and extend the functional  f (.) as follows:

2.	 Define the state variables i.e. x1 = �Ptie1 = �Ptie2 = · · · = �PtieN , x2 = �f1, x3 = �PT1 , x4 = �PG1 , 
x5 = �f2 , x6 = �PT2 , x7 = �PG2,…,x3N−1 = �fN , x3N = �PTN  , x3N+1 = �PGN  , x3N+2 = IACE1 , 
x3N+3 = IACE2 . . . x4N+1 = IACEN . Then substitute them into Eq. (27) which becomes

3.	 Partially differentiating the functional f (.) in Eq. (28) with respect to the state variables x1 x2 x3 · · · xN , 
the following first order differential equations are obtained

(24)

df (.)/d�f1 = β2
1�f1 +�Ptie1

df (.)/d�f2 = β2
2�f2 + a12�Ptie2

...

df (.)/d�fN = β2
N�fN + a1N�PtieN

(25)

df (.)/d�Ptie12 = β1�f1 +�Ptie1

df (.)/d�Ptie23 = a12β2�f2 +�Ptie2

...

df (.)/d�Ptie(N−1)N = a1NβN�fN +�PtieN

(26)

df (.)/dIACE1 = IACE1

df (.)/dIACE2 = IACE2

...

df (.)/dIACEN = IACEN

Qk =























































�

N + a212
�

β1 0 0 (N + a12)β2 0 0 0 0 0 0 · · · 0 0

β1 β2
1 0 0 0 0 0 0 0 0 0 · · · 0 0

0 0 0 0 0 0 0 0 0 0 0 · · · 0 0
0 0 0 0 0 0 0 0 0 0 0 · · · 0 0

a12β2 0 0 0 β2
2 0 0 0 0 0 0 · · · 0 0

...
...

...
...

...
...
...
...
...

...
... · · · 0 0

βN 0 0 0 0 0 0 0 0 · · · β2
N · · · 0 0

0 0 0 0 0 0 0 1 0 0 0 · · · 0 0
0 0 0 0 0 0 0 0 1 0 0 · · · 0 0
...

...
...
...

...
...
...
...
...

...
...

... 0 0
0 0 0 0 0 0 0 0 0 0 1 · · · 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
...

...
...
...

...
...
...
...
...

... 0
...

. . . 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1























































(27)

f (.) =
1

2

({[

(

β1�f1
)2

+ 2β1�f1�Ptie1 +�Ptie1
2
]

+

[

(

β2�f2
)2

+ 2a12β2�f2�Ptie2 + (a12�Ptie2)
2
]

+ . . .

+

[

(

βn�fN
)2

+ 2a1NβN�fN�PtieN +�PtieN
2
]}

+

{

(IACE1)
2
+ (IACE2)

2
+ . . .

+(IACEN )2
}

+ α

{

u1
2
+ u2

2
+ · · · + uN

2
})

(28)

f (.) =
1

2

({[

(β1x2)
2 + 2β1x2x1 + x1

2
]

+
[

(β2x5)
2 + 2a12β2x5x1 + (a12x1)

2
]

+ . . .

+
[

(βNx3N−1)
2 + 2a1NβNx3N−1x1 + a1N

2x1
2
]}

+
{

(x3N+2)
2 + (x3N+3)

2 + . . .

+(x4N+1)
2
}

+ ρ
{

u1
2 + u2

2 + · · · + uN
2
})
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	   A similar minimization concept can be applied to control energy expenditure where the first-order partial 
derivatives with respect to control input signals can be obtained as follows

	   As a result of Eq. (30), the control weighting matrix can be constructed as follows:

	   The  Rk matrix is obtained as an identity diagonal since it is assumed that there is only one generator in 
each control area and as a result, the participation factor is 1 per control area.

Case study: design of a discrete OQAGC for four area power systems
Dynamics of a four area power system.  The dynamics of electrical power systems are nonlinear in 
nature. However, for automatic generation control, the linearized model can be used to design the discrete opti-
mal quadratic AGC controllers. Figure 2 shows a block diagram of the four area interconnected power systems. 
For simplicity, we made each area have non-reheat, reheat, hydro and gas generators respectively. Models and 
parameters for reheat, hydro, and gas were taken from different studies in the literature43–50.

Based on the principles of load flow equations, the linear model of a tie-line for four area power system can 
be developed as shown in Fig. 3. This technique assumes that the tie-line resistance is negligible because of the 
high value of the inductance between the line , jXij . It is also assumed that the current Iij flows from control 
area 1 to control area 2, control area 2 to control area 3, control area 3 to control area 4, control area 4 to control 
area 1 and that the resistance of the tie-line transmission is zero . The Pr1, Pr2 , Pr3 , and Pr4 are the rated power 
capacities of the control areas 1, 2 ,3 and 4 respectively. Then, the linear model of the Tie-line power deviations 
between areas (1 and 2), (2 and 3), (3 and 4) and (4 and 1) can be obtained as follows:

(29)

1/2df (.)/dx1 = β1x2 + x1 + a12β2x5 + a12
2x1 + · · · + a1NβNx3N−1 + a1N

2x1

=
(

1+ a12
2 + · · · + a1N

2
)

x1 + β1x2+a12β2x5 + · · · + a1NβNx3N−1

1/2df (.)/dx2 = β2

1x2 + β1x1 + 0+ · · · + 0

1/2df (.)/dx3 = 0+ 0+ · · · + 0

1/2df (.)/dx4 = 0+ 0+ · · · + 0

1/2df (.)/dx5 = a12β2x1 + β2

2x5 + 0+ · · · + 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

1/2df (.)/dx3N−1 = a1NβNx1 + β2

Nx3N−1 ++0+ · · · + 0 =

1/2df (.)/dx3N = 0+ 0+ · · · + 0

1/2df (.)/dx3N+2 = 0+ 0+ · · · + 0

1/2df (.)/dx3N+1 = x3N+2 + 0+ 0+ . . . .+ 0

1/2df (.)/dx3N+3 = x3N+2 + 0+ 0+ . . . .+ 0

.

.

.
.
.
.

. . .

1/2df (.)/dx4N+1 = 0+ · · · + 0+ 0+ x4N+i

(30)

df (.)/du1 = u1 + 0

df (.)/du2 = 0+ u2 + 0

df (.)/du3 = 0+ 0+ u3 + 0

...
...

. . .

df (.)/duN = 0+ 0+ 0+ · · · + uN

(31)Rk =

























1 · · · 0 0 0 0 0 0
0 1 · · · 0 0 0 0 0
0 0 1 · · · 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0

0 0 0 0 0
. . . 0 0

0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
























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Assuming the power system under study is a four area power systems i.e .N = 4 as illustrated in Fig. 2. The 
state-space model of interconnected power system can be described by36,37:

where x(t) ∈ R
n×1 is the state vector,  u(t) ∈ R

2×1 is the control input vector, and w(t)) ∈ R
2×1 is the load dis-

turbances input vector, whereas the matrices A, B , Ŵ, C and D have the appropriate dimensions. Equation (34) 
describes the variable vectors of a linear state-space model for a four-area control power system as follows:

(32)

�Ptie12(pu) =
2πT12

s

[

3�f1 −�f2 −�f3 −�f4
]

�Ptie23
(

pu
)

=
2πT23

s

[

2�f2 −�f3 −�f4
]

�Ptie34(pu) =
2πT34

s

[

2�f3 −�f2 −�f4
]

�Ptie41(pu) =
2πT41

s

[

2�f4 −�f1 −�f3
]

(33)
ẋ(t) = Ax(t)+ Bu(t)+ Ŵw(t)

y = Cx(t)+ Du(t)

-
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Figure 2.   Four areas interconnected power system with area control errors.
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The matrices A, B, C, and D of the four interconnected power systems are shown below. These matrices 
were constructed by converting transfer functions into a set of first-order differential equations. The concept of 
modeling the interconnected power system as a state-space model can be found in the studies developed and 
represented by Rakhshani et al.51 and Deepak and Abraham52.

(34)

xT =
[�f1�PT1�PG1IACE1�Ptie12�f2�PT2�PTR�PG2IACE2�Ptie23�f3�PTW
�PTRH�PTGHIACE3�Ptie34�f4�PTCD�PTF�PYG�Pbg IACE4�Ptie41]

T

uT = [u1u2u3u4]
T

wT = [�Pd1�Pd2�Pd3�Pd4]
T

yT =
[

�f 1�f 2�f 3�f 4�Ptie12�Ptie23�Ptie34�Ptie41
]T

Figure 3.   Proposed four area interconnected power system with tie-lines. 
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The design of discrete OQAGC for four area power system.  The procedures that are described in 
“The design of OQAGC control” and “A functional minimization method” sections are used to design Optimal 
Quadratic AGC (OQAGC) controllers for the four control areas. Based on Eq. (21), the cost function for four 
areas is

According to Eqs. (19 and 20), the area control errors (AEC1, AEC2, AEC3, and AEC4) and the integral of 
area control errors (IACE1, IACE2, IACE3, and IACE4) of the four control areas are defined as follows:

and

where �Ptie1 , �Ptie2, �Ptie3 and �Ptie4 are the sum of the tie-line deviations for the four areas respectively. 
From the block diagram shown in Fig. 4, the sum of tie-line power deviations in area 1, area 2, area 3 and area 
4 respectively are obtained as follows:
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ACE1 = β1�f1 +�Ptie1

ACE2 = β2�f2 +�Ptie2

ACE3 = β3�f3 +�Ptie3

ACE4 = β4�f4 +�Ptie4

(37)
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∞
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(β1�f1 +�Ptie1)

IACE2 =

∞
∑
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Substituting ACE1 , ACE2, ACE3,and ACE4andIACE1 , IACE2 , IACE3, and IACE4 ) from Eqs. (36 and 37) to 
Eq. (35), the cost functional can be given by:

β1,β2 , β3 and β4 are the frequency bias for the four area power system respectively, �Ptie12 , �Ptie23 , �Ptie34  
and �Ptie41 are the tie-line deviations between areas 1 and 2, areas 2 and 3, areas 3 and 4 and areas 4 and 1 
respectively and a12 = a23 = a34 = a41 = −1, is the constant coefficient that changes the sign of the tie-line 
power from one area to another. Hence, the vectors x for four-area interconnected power systems with one type 
of generation unit in each area according to Eq. (34) is defined as follows

(38)

�Ptie1 = �Ptie12+ + a34�Ptie34 + a41�Ptie41

�Ptie2 = a12�Ptie12 +�Ptie34

�Ptie3 = a23�Ptie23 +�Ptie34

�Ptie4 = a34�Ptie34 +�Ptie41

(39)
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1

2

∞
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(
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)2
+ (β2�f2 +�Ptie2)

2 + (
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+ (

(

β4�f4 +�Ptie1

)2
)

+
{

(IACE1)
2 + (IACE2)

2 + (IACE3)
2 + (IACE4)

2
}

+ ρ
{

u1
2 + u2

2 + u3
2 + u4

2
}

)

(40)xT =
[x1x2x3x4x5x6x7x8x9x10x11x12x13x14
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Figure 4.   Flow chart of the OQAGC algorithm.
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where x4 , x10, x16 and x23 are the integral of the Area control errors of areas 1, 2, 3 and 4 respectively. It can be 
observed that the functional of the cost function in Eq. (39) can be presented in the form of Eq. (41),where f (.) is 
a functional of area control errors, integral of area control errors and control efforts 

(

f (.) = f (ACEs, IACEs, u)
)

. 
By taking the partial derivatives of this function with respect to state variables as in Eq. (44) and control input 
signals in Eq. (45), then, the matrices Qk and Rk can be derived based on the minimization approach of the 
function as follows:

1.	 Rewrite and extend the functional f (.) as follows:

where ρ is the participation factor. In this this paper we considered it 1 ( ρ = 1 ) since we used only one type 
of generator in each area.

2.	 Define the state variables i.e. x1 = �f1, x2 = �PT1, x3 = �PG1 , x4 = IACE1 , x5 = �Ptie12 , x6 = �f2 , 
x7 = �Pr1 , x8 = �PT2,x9 = �PG2, x10 = IACE2 , x11 = �Ptie23, x12 = �f3 , x13 = �Ppen  x14 = �PHT
,x15 = �PGh,  x16 = IACE3,  x17 = �Ptie34 ,x18 = �f4 ,  x19 = �PGT   x20 = �PGTF ,x21 = �PGTG,  , 
x22 = �PVP,x23 = IACE4,x24 = �Ptie41.

3.	 Then substitute them into Eq. (40) without touching the tie-line variables which becomes

4.	 Define the variables of the tie-lines power exchanges �Ptie1, �Ptie2 , �Ptie3 and �Ptie4 from Eq. (37) and 
Fig. 3 as �Ptie1 = x5 − x17 − x24 , �Ptie2=−x5 + x11 , �Ptie3 = −x11 + 2x17 and �Ptie4 = −x17 + x24 . Then 
substituting them into Eq. (41) which gives:

5.	 When the functional f (.) in Eq.  (41) is partially differentiated with respect to the state variables 
x1 x2 x3 · · · x24,), the following first order differential equations are obtained:

(41)
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A similar concept can be used to control energy use, and the first-order partial derivatives with respect to 
control input signals can be found as follows:

The state weighing matrix, Qk , and the control weighing matrix, Rk can then be constructed using the above 
states partial (derivative Eq. (44) and the control partial derivatives from Eq. (45):

(44)

1/2df (.)/dx1 = β1
2x1 + β1x5 − β1x17 − β1x24

1/2df (.)/dx2 = 0

1/2df (.)/dx3 = 0

1/2df (.)/dx4 = x4

1/2df (.)/dx5 = β1x1 + 2x5 − β2x6 − x11 − x17 − x24

1/2df (.)/dx6 = −β2x5 + β2
2x6 + β2x11

1/2df (.)/dx7 = 0

1/2df (.)/dx8 = 0

1/2df (.)/dx9 = 0

1/2df (.)/dx10 = x10

1/2df (.)/dx11 = −x5 + β2x6 + 2x11 − β3x12 − 2x17

1/2df (.)/dx12 = −β3x11 + β3
2x12 ++β3x17

1/2df (.)/dx13 = 0

1/2df (.)/dx14 = 0

1/2df (.)/dx15 = 0

1/2df (.)/dx16 = x16

1/2df (.)/dx17 = −β1x1 − x5 − 2x11 + β3x12 + 3x17 − β4x18

1/2df (.)/dx18 = β4
2x18 − β4x17 + β4x24

1/2df (.)/dx19 = 0

1/2df (.)/dx20 = 0

1/2df (.)/dx21 = 0

1/2df (.)/dx22 = 0

1/2df (.)/dx23 = x23

1/2df (.)/dx24 = −β1x1 − x5 + β4x18 + 2x24

(45)

df (.)/du1 = u1

df (.)/du2 = u2

df (.)/du3 = u3

df (.)/du4 = u4
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and

The matrices of the power system and of the Qk and Rk are used further for the calculation of the matrix 
of the Optimal Quadratic AGC controller by using the Eqs. (13–16). The flow chart of the OQAGC controller 
algorithm is shown in Fig. 4. The first parts of the algorithm are made to define the cost functional of the AGC 
problem based on the design requirements, secondly make use of the minimization of the functional of the cost 
function for selecting the state and control weighing matrices, thirdly, write the cost function in Eq. (35) in the 
form of Eq. (1). Then, through an iterative process the solution of discrete Riccati Eq. (13) can be found in the 
MATLAB environment53. The minimal values of the state and control weighing matrices as well as the solution 
of discrete Riccati Eq. (13) made it possible to calculate the optimal feedback gain matrix L based on Eq. (14) 
which in turn optimises the closed-loop of the interconnected power system.

Results and discussions
In this section, the developed discrete optimal quadratic controller is tested using MATLAB/Simulink simulation, 
namely the discrete optimal quadratic AGC controller with ACEs in a four-area power system. To demonstrate 
the feasibility of the optimal control technique, it is implemented in a discrete-time form with a sampling of 
814 ms. The simulation study investigated the developed controller’s performance with and without disturbances. 
The parameters of the four-area power system are given in Table 1.

Calculation of the continuous and discrete matrices of the four‑area power system.  The state 
matrix A , the input matrix B, and disturbance matrix Ŵ from “Dynamics of a four area power system” section are 
obtained using the values of the parameters of non-reheat reheat, hydro and gas turbines represented in Table 1 
as given in Eq. (44) below.

Due to the high speed of microcomputers, formulation and implementation of the optimal quadratic control 
problem in discrete form becomes an essential design step15. The continuous-time matrix A, B and E are con-
verted to discrete-time matrices Ak,Bk and Ŵk using a one-step Euler discretization procedure53 and sampling 
time. In this procedure, the continuous-time and Discrete-time matrices are related to the formulas;

where I is an identity matrix and T is the sampling period. Thus, the sampling period T was calculated based on 
Shannon’s theorem and Nyquist’s criteria to be 0.0814 s54,55.
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(46)
Ak = (I + T × A)

Bk = (T × B)

Ŵk = (T × Ŵ)
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Consequently, when the area control errors are taken into account, the discrete-time matrices in Eq. (46) 
are found.
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Table 1.   The parameters of the four-area power systems43–45.

Parameter Area 1 Area 2 (i = 2) Area 3 Area 4 Unit

PRi 2000 2000 2000 2000 MW

Tpsi 20 20 20 20 s

Tti 0.3 0.3 0 0.23 s

Tr1 0 0 1 0 s

Kr1 0 0 0.3 0 –

Kpsi 120 120 120 120 Hz/pu,MW

Ti 0.0867 0.0867 0.0867 0.0867 MW/Hz

TGi 0.08 s 0.08 0.2 0.6 s

Tcd 0 0 0 0.2 s

Tcr 0 0 0 0.001 s

bg 0 0 0 0.05 s

Cg 0 0 0 1 mm

Yg 0 0 0 1 mm

Tcb 0 0 0 0.01 s

Trh 0 0 28.75 0 s

Tw 0 0 1 0 s

TR 0 0 0.11 –

Ri 2.4 2.4 2.4 2.4 Hz/pu,MW

Bi 0.425 0.425 0.425 0.425 puMW/Hz

Di 0.0833 0.0833 N/m s

�δ 30
◦

30
◦

30
◦

30
◦ Degree
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Simulation results of controlled systems.  This section presents the simulation results of the developed 
control method using Eqs. (11 to 16). Referring to Eqs. (36 to 38), if  β1 = β2 = β3 = β4 = 0.425 , a12 = −1 
and using �Ptie1�Ptie2, �Ptie3  and �Ptie4  according to Eq. (38), the area control errors, the integral of the area 
control errors for four areas are obtained as follows

and

Substituting Eqs. (47 and 48) into Eq. (43), the cost function becomes
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(47)

ACE1 = 0.425x1 + x5 − x17 − x24

ACE2 = 0.425x6−x5 + x11

ACE3 = 0.425x12−x11 + 2x17

ACE4 = 0.425x18−x17 + x24

(48)

IACE1 =

∞
∑

k=k0

(0.425x1 + x5 − x17 − x24)

IACE2 =

∞
∑

k=k0

(0.425x6−x5 + x11)

IACE3 =

∞
∑

k=k0

(0.425x12−x11 + 2x17)

IACE4 =

∞
∑

k=k0

(0.425x18−x17 + x24)
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where x5 , x11 , x17 and x24 are the tie-line power deviations between areas 1 and 2, 2 and 3, 3 and 4 and 4 and 
1 respectively, x1 , x6 , x12 and x18 are frequency deviations of area-1 to 4 respectively,x4 , x10 , x16 and x23 are the 
integrals of ACE 1 to 4 respectively.

The state and control weighting matrices Qk and Rk are obtained on the basis of functional minimization 
procedure discussed in “The design of discrete OQAGC for four area power system” section and according to 
Eq. (44) as follows:

The solution of the matrix difference Riccati equation Pk  according to Eq. (13) at steady-state is obtained 
with an iteration process starting from the initial condition P(0) = 0 as:

(49)

J =
1

2
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({[
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]

+
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+
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2
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Based on Eq. (15), the constant feedback gain matrix values for the closed-loop system at steady-state are 
computed as follows:

Hence, the optimal state feedback control law for a discrete Optimal Quadratic AGC controller is:

and, the corresponding closed-loop system’s Eigenvalues are found as given in Table 2. All the real parts of Eigen-
values of the discrete closed-loop are less than 1 which guarantees the system stability associated with oscillation 
due to the imaginary parts of Eigenvalues.

The simulations were conducted for two different cases which are discussed below:
Case 1: load disturbances wT = 0.01 are imposed on the power system at t = 0. The parameters of four area 

control are utilized. The initial tie-line power is set at 0 MW (0pu) and the initial values of the frequency devia-
tions in four areas are set at 0.0 Hz for each area. The Discrete Optimal Quadratic AGC controller Eq. (48), is 
assumed to act on the four-area state model when the area control errors are considered. The simulation is run 
in the MATLAB environment for 1800 iterations with k0 = 0 and kf = 1800.

Case 2: Step load disturbances wT = [�PD1�PD2�PD3�PD4]
T are added simultaneously to each area. The 

initial tie-line power is set at 0 MW (0pu) and the initial values of the frequency deviations are set at 0.0 Hz 
for each area. The Discrete Optimal Quadratic AGC controller is assumed to act on the four-area state model 
when the area control errors are considered. We considered this mainly to test the feasibility of the developed 
controller and its robustness against disturbances. The simulation is run in the MATLAB environment for 1800 
iterations with k0 = 0 and kf = 1800 . The magnitude of the load disturbances for the four areas is �PD1 = 10 
MW (0.01pu), �PD2 = 10 MW (0.01pu) , �PD3 = 10 MW (0.01pu) and �PD4 = 10 MW (0.01pu) respectively.

Figure 5 shows the frequency deviations of OQAGC when area control errors are considered in areas 1, 2, 3 
and 4 respectively. From the simulations, it can be observed that the frequency deviations converge to zero in 

L =
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
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







1.149 1.868 0.449 1.729 −1.317 −0.500 −0.428 −0.038 0.012 −0.810 −0.920 −0.089 −0.299 0.158 −0.120 −0.702 −0.104 −0.527 −0.395 −0.156 0.031 −0.027 −0.036 −0.597

1.405 0.683 0.087 −0.640 5.211 3.072 3.342 2.169 0.253 0.550 10.406 −0.832 0.374 2.920 −0.117 −3.420 3.462 −0.026 −0.011 −0.022 −0.005 0.001 −0.1600 1.285

0.586 0.240 0.027 0.030 2.159 1.309 1.370 0.600 0.011 −0.300 2.639 −1.606 −0.930 1.909 −0.175 −0.712 1.218 0.516 0.591 0.349 0.019 0.016 −0.028 −0.782

0.299 0.150 0.016 −0.193 −0.053 −0.237 −0.146 −0.053 −0.001 −0.203 −0.844 0.132 −0.326 −0.179 −0.047 0.350 2.096 0.497 1.084 1.243 1.367 −0.669 2.162 −1.683
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(50)u(k) = −Lx(k)

Table 2.   The systems’ states and their corresponding closed-loop Eigenvalues.

State x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12

Eigenvalue −0.62 −0.08 0.43 0.8+ 0.34i 0.8 − 0.34i 0.51 0.9+ 0.29i 0.9− 0.29i 0.9+ 0.22i 0.9 − 0.217i 0.8 + 0.158i 0.8 − 0.16i

State x13 x14 x15 x16 x17 x18 x19 x20 x21 x22 x23 x24

Eigenvalue 0.97 + 0.07i 0.97 − 0.07i 0.94 0.93 + 0.03i 0.93 − 0.03i 0.9 + 0.04i 0.9 − 0.04i 0.9 0.7 0.8 0.73 0.73

Figure 5.   Frequency deviations in four control areas without disturbances.
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less than 8 s due to area control errors. It is noted that the frequency deviations undershot and overshoot with 
an oscillatory response before the signals return to zero in the steady state.

The OQAGC model with area control errors provides that deviation of tie-line power for the four areas shown 
in Fig. 6. It is observed that the tie-line deviation converges to zero in less than 8 s. Tie-line power deviations 
for the four areas overshoot and undershot around the zero with oscillation before the signals return to zero. 
Furthermore, we can see that the reheat turbine thermal power system was associated with the highest overshoot, 
while the hydropower system was associated with the smallest overshoot. For gas power systems, the amplitude 
of the overshoot is constant compared to other power systems.

Figure 7 shows the integral of area control errors for four area power systems when area control errors are 
considered. It can be observed that the integral of area control errors converges to zero in less than 9 s. The inte-
gral of area control error deviations for the four areas overshoot and undershot around the zero with oscillation 
before the signals return to zero.

Figure 6.   Tie-line power deviations in four areas when no disturbance is imposed.

Figure 7.   Integral of area control errors in four areas with no disturbances.



23

Vol.:(0123456789)

Scientific Reports |         (2023) 13:2752  | https://doi.org/10.1038/s41598-023-29317-1

www.nature.com/scientificreports/

These results reveal that the discrete OQAGC controller with ACEs can bring the fluctuations associated with 
frequency deviations, tie-line deviations, and the integral of area control errors to their nominal values within 
a reasonable time. In addition, the frequency deviations, tie-line deviations, and the integral of area control 
errors for the four areas are associated with overshoot and undershot around the zero with oscillation during 
the transient period. Moreover, the non-reheat and reheat turbine thermal power systems were associated with 
the highest overshoot for the integral of the area control areas, while the hydro and gas power systems were 
associated with the smallest overshoot for the integral of the area control areas.

In case 2 simulations, 1% power loads are added simultaneously to the system random 5 s intervals since the 
load demands can change at any time during the day. Figure 8 shows the plots of the frequency deviations for 
area 1 to 4 respectively, when area control errors are considered. It is observed that the OQAGC controller rejects 
the disturbances significantly at 4 s or more. The discrete OQAGC has the greatest overshoot and undershoots 
in the frequency deviations �f3 and �f4 while all frequency deviations have same disturbance rejection (robust-
ness) and same settling time.

The deviations in the tie-line power for the four areas are shown in Fig. 9. The tie-line power deviation 
between areas 2 and 3 has the shortest undershot among tie-line deviations while the tie-line power deviation 
between areas 4 and 1 has the fastest disturbance rejection (robustness) compared to other ones in the presence 
of large magnitude load disturbances.

Finally, Fig. 10 shows the plots of the integral of area control errors (IACE1, IACE2, IACE3 and IACE4) in the 
presence of load disturbances. It can be observed that IACE4 has the fastest disturbance rejection (robustness), 
while IACE1, IACE2 and IACE3 approximately have the same disturbance rejection.

The parameter settings for the two cases are summarized in Table 3. Table 4 shows the comparison of the 
frequency deviation for two cases with, and without disturbances and with area control errors. The results illus-
trate that the OQAGC controller provides good dynamic performance in terms of rising time, settling time, and 
overshoot. The controller also shows good disturbance rejection time response.

The performance of discrete OQAGC is compared with the hybrid neuro-fuzzy (ANFIS) presented by Prakash 
and Sinha56, 2014 as shown in Tables 5 and 6. Both controllers are imposed with 1% load disturbance at t = 0 
second (case1) for four area interconnected power system. The simulation results shown in Tables 1 and 2 show 
that discrete OQAGC is better in terms of peak undershoot and settling time and provides superior performance 
compared to ANFIS controller. The main disadvantage of the discrete OQAGC control structure is that the 
frequency deviations, tie-line deviations, and the integral of area control errors for the four areas are associated 
significantly with overshoot and undershot around the zero during the transient period. In addition, the system 
model grows and expands as the number of areas increases. This poses computational and design challenges.

Sensitivity analysis.  The values of system parameters often change owing to environmental influences, 
equipment component replacement, changes in operating circumstances, and system component aging. The 
system’s performance may suffer and it may become unstable18. As a result, sensitivity analysis is carried out 
to establish the resilience of the discrete OQAGC controller gains at nominal levels across large variations in 

Figure 8.   Frequency deviations of OQAGC for four areas with load disturbances.
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operating load condition. The developed controller is compared with the Fuzzy gain scheduling controllers from 
literature in order to study the sensitivity analysis using the identical operating conditions for both controllers. 
The operational load condition and tie-line synchronization coefficient are adjusted from their nominal values 
in Table 1 by 25% and 50% of the nominal 1 percent size of step load perturbation (SLP) in changing step size 
of 25%, as shown in Table 7.

Figures 11 and 12, show the simulated responses to frequency deviations and tie line power fluctuations 
from the sensitivity study. Figure 11 depicts the dynamic response of frequency deviations when 25% and 50% 
variations in nominal 1 percent magnitude of step load perturbation (SLP) in percent SLP are applied at t = 0 s. 
The results clearly reveal that all dynamic responses of frequency (Fig. 11) and tie-lie deviations (Fig. 12) have a 
similar pattern of peak of undershoot, peak of overshoot, and all have a settling period of 4 secs with small dif-
ferences across areas. The settling time of the reaction time of reheat, hydro, and gas power plants, on the other 
hand, is almost the same, although the peak overshoot reactions varied slightly. During the transient period, 
however, all reaction times are connected to oscillations, with the exception of the reheat turbine plant’s high 
peak overshoot response. Interaction factors between the subsystems produce variations in the peak overshot 
response, which must be adjusted for.

A close examination of all findings indicates that they are almost identical and have not varied much from 
the nominal values. As a result, the discrete OQAGC controller is resistant to fluctuations in load operating 
circumstances. The results of sensitivity analysis of discrete OQAGC is compared with Fuzzy gain scheduling 
controllers (Arya and Kumar57). The comparison is investigated for the highest overshoot and setting time for the 
frequency deviation and tie line deviation of thermal power systems (Figs. 11 and 12a). The simulation results 
in Table 8 reveal that Fuzzy gain scheduling controller has superior dynamic responses in terms of oscillations, 
peak of overshoot, and settling time compared to discrete OQAGC controller. For discrete OQAGC, the varia-
tions in peak overshot response during the transient period are produced by interaction variables across control 
regions, which must be adjusted for in the future by developing a discrete decentralized OQAGC controller.

.

Multi‑area power system model with renewable energy sources.  To demonstrate the ability of the 
proposed OQAGC controller, the study is further extended to a multi-area multi-source interconnected power 
system with renewables as depicted in Fig. 13. Area 1 comprises non-reheat thermal and hydro plants while area 
2 comprises a wind power plant and non-reheat thermal plant. The linear model of a wind power plant includes 
the transfer function for the pitch actuator, the transfer function for the lag mechanism that matches the phase/
gain characteristic of the model, and a blade characteristics block58. It is crucial to include the important inherent 
requirements and the basic physical constraints in the model in order to get an accurate understanding of the 
AGC problem 43,45,59,60. The important constraints which affect the power system performance are boiler dynam-
ics, Generation Rate Constraint (GRC), and Governor Dead Band (GDB). In this study, the GRC was integrated 
into the system model as illustrated in Fig. 13 in order to test whether the proposed controller could be realisti-

Figure 9.   OQAGC Tie-line deviations for four area power systems with load disturbances.
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cally implemented. It is assumed that the participation factors for thermal and hydro plants33 are 0.543470 and 
0.3226034, respectively, and that the participation factor for wind turbine55 is 0.125.

State space equation of a multi‑source power system with renewables.  The procedure discussed in “Dynamics of a 
four area power system” section is applied here to obtain the state space equation of a multi-source power system 
with renewable shown in Fig. 13. The typical parameters of non-reheat thermals and Hydro plants are taken from 
Table 1, while wind turbine parameters are adopted from the work conducted by Sahu et al.59, where Tp1 = 6 ; 
Tp2 = 0.04 , kp2 = 1.25 , kp3 = 1.4, Tg2 = 0.08 , kbc = 08 Rw = 2.4 and β2 = 0.425 . The system in Fig. 13 has 15 
states variables where x1 = �f1 , x2 = �PGN1 , x3 = �Pv3, x4 = IACE1, x5 = �PGH ,  x6 = �XH , x7 = �PRH , , 
x8 = �Ptie12 . x9 = �f2, x10 = �D, x11 = �H , x12 = �H1 , x13 = IACE2, x14 = �PGN2, x15 = �Pv4 . As result 
the state, control input and disturbance vectors of a linear state-space model for a two area multi-source power 
systems can be described as follows:

Figure 10.   The integral of Area control errors for OQAGC with disturbances.

Table 3.   Parameters settings for the two simulations cases.

Case �fi �Ptieij AECi �PDi IAECi �PT

1 0.0 Hz 0 Pu 0 0.01 pu 0 0

2 0 Hz 0 Pu 0 0.01 pu 0 0
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Table 4.   Performance of OQAGC controller without and with disturbances.

Controller

Frequency deviations, Tie-line power deviations and Integral of area control errors

Area

Case 1 Case 2

State variables Overshoot Undershoot Peak time (s) Settling time (s) Overshoot Undershoot Peak time (s)

Disturbance 
rejection time 
response (s)

OQAGC-control-
ler-without and 
with disturbances

1 �f1 0.027 − 0.024 0.425 8 0.028 − 0.0253 0.75 4.75

2 �f2 0.031 − 0.028 0.325 8 0.31 − 0.028 0.7 4.3

3 �f3 0.04 − 0.042 0.5 8 0.038 − 0.042 0.7 4.35

4 �f4 0.043 − 0.036 0.6 8 0.043 − 0.036 0.72 4 0.36

1 �Ptie12 0.01 − 0.0026 0.3 7.7 0.026 − 0.0263 0.425 4.6

2 �Ptie23 0.026 − 0.006 0.9 7.7 0.026 − 0.006 1.15 4.35

3 �Ptie34 0.0024 − 0.022 0.275 7.5 0.022 − 0.04 0.43 4.4

4 �Ptie41 0.0015 − 0.025 0.8 7.5 0.022 − 0.033 0.58 4.4

1 IACE1 0.085 − 0.005 0.625 7 0.0085 − 0.005 2.55 8.32

2 IACE2 0.0107 − 0.0046 0.725 7 1.07 − 0.004 2.4 8.32

3 IACE3 0.022 − 0.023 0.575 8.8 0.022 − 0.0035 0.8 4.5

4 IACE4 0.0022 − 0.024 0.02 6.8 0.022 − 0.0243 2.75 4.1

Table 6.   Comparative study of settling time56. The designed Optimal Quadratic Automatic Generation 
Controller settling time values are in italics.

Controllers �f  area 1 �f  area 2 �f  area 3 �f  area 4 �Ptie(thermal-thermal) �Ptie(thermal-hydro)

ANFIS 18 18 17 17 15 27

OQAGC​ 8 8 8 8 7.7 7.7

Table 5.   Comparative study of under peak overshoot56. The designed Optimal Quadratic Automatic 
Generation Controller with peak overshoot values are in italics.

Controllers �f  area 1 �f  area 2 �f  area 3 �f  area 4 �Ptie ( thermal-thermal) �Ptie ( thermal-hydro)

ANFIS − 0.061 − 0.061 − 0.054 − 0.054 − 0.052 − 0.054

OQAGC​ − 0.024 − 0.028 − 0.042 − 0.036 − 0.0026 − 0.022

Table 7.   Variations in the four-area interconnected power system’s specified parameters.

Parameters variations rate Variation of the tie-line synchronizing coefficient Variations Load operating condition

Nominal 0.0866 1%

− 25% of nominal 0.06495 0.0075

− 50% of nominal 0.0433 0.005

 + 25% of nominal 0.10825 0.0125

 + 50% of nominal 0.1299 0.015
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The continuous the continuous state matrix Am , the input matrix Bm, and disturbance matrix Ŵm are given 
below:

(51)

xT = [[�f1�PGN1�Pv3IACE1�PGH�XH�PRH�Ptie12IACE2�Ptie12�f2�D�H�H1IACE2�PGN2�Pv4]
T

uT =
[

Uth1UhyUwUth2

]T

wT = [�PD1�PD2]
T

CT =
[

�f 1�f 2�Ptie12

]T

Figure 11.   Dynamic response of Frequency deviations with (a) non-reheat turbine, (b) reheat turbine, (c) 
hydro turbine, (d) gas turbine when changes in % SLP applied at t = 0 sec.



28

Vol:.(1234567890)

Scientific Reports |         (2023) 13:2752  | https://doi.org/10.1038/s41598-023-29317-1

www.nature.com/scientificreports/

Figure 12.   Dynamic responses of Tie-lie power deviations with (a) non-reheat turbine, (b) reheat turbine, (c) 
hydro turbine, (d) gas turbine when changes in % SLP applied at t = 0 sec.

Table 8.   Comparative study of overshoot and settling time for sensitivity analysis57.

Controller

�f 1 ( reheat thermal system) �Ptie12 between thermal -thermal

Settling time (s) Peak overshoot Settling time (s) Peak overshoot

Fuzzy gain scheduling controller 3 − 0.08 4 − 0.008

OQAGC​ 5 − 0.025 6.5 − 0.027
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Figure 13.   Transfer function model of multi-source power system.
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Simulation results of multi‑source interconnected power system.  the design procedures described in “The design 
of OQAGC control” and “A functional minimization method” sections are applied to the Multi-Area Power 
system model with renewable energy sources as shown in Fig. 13. Based on the functional minimization method 
(FFM) in “A functional minimization method” section, Eqs. (18)–(31), the state and control weighting matrices 
Qm and Rm were formulated for a multi-area power system model with renewable energy sources. The excursions 
ACEi , IACEi and control input u are substituted into Eq. (18). As a result, the cost function J for the systems can 
be written as:

where α  is the vector of participation factors, Uth1 , Uhy , Uw and Uth2 are control signals applied to non-reheat 
thermal 1, hydro, wind turbine , and non-reheat thermal 2 plants respectively.

The partial differential state and control equations: (24–31) were used and organized to derive the state 
weighting matrix Qm and control weighting matrix. The numerical values for weighting matrices Qm and Rm are 
found as follows:

According to Eq. (15), the numerical values of optimal feedback gains matrix is found as follows:

The computer simulations were conducted with OQAGC controllers’ gains for two different cases. First, the 
simulation responses of the closed-loop systems are obtained by setting the initial values of the step load per-
turbation (SLP) at 0.01 pu in area 1, while keeping the rest of the initial values to zeros. Secondly, the simulation 
results of the closed loop are obtained for 1% SLP which are added simultaneously to each area while the rest 
of the initial variables are set to zero. The simulation results are presented in Figs. 14, 15, 16, 17 and detailed 
explanations of those simulation results are presented below.

Figures 14, 15 show simulation results for frequency deviations and Tie-line power deviations. These are 
the results obtained when the step load perturbation (SLP) set at 0.01 pu in area1 at the initial time t = 0 while 
keeping the rest of the initial values to zeros.

Simulation results for frequency deviations, and Tie-line power deviations are shown in Figs. 16 and 17 
respectively.

The simulations result for frequency deviations and tie-lie power deviations of both areas are summarized in 
Tables 9 and 10, respectively. It is observed that the OQAGC controller achieves almost the same frequency devia-
tion responses of peak overshoots when the Step Load Perturbations are applied respectively ( SLP = 0.01pu ) at t 
= 0sec and simultaneously at various time intervals.. The area 2 has 18% difference of peak overshoot compared to 
that of area1 for both cases. The settling time of area 2 is smaller than the settling time of area 1 with zero steady 
state errors in both cases. The settling time and peak overshoot are same for the tie-line power deviations. The 
tie line deviation has lesser disturbance rejection time response when compared to disturbance rejection time 
response of the frequency deviations.

Generation rate constraint.  An additional test of the effectiveness of the OQAGC controller is conducted by 
considering the GRC of thermal and hydroelectric plants in the multi-source power system model discussed 
above. This study considers a GRC of 10%/min (0.0017 pu/s) for a single non-reheat thermal plant and a GRC for 
the hydro plant of 270%/min (+ 0.045pu/s) for raising a generation, and 360%/min (– 0.06pu/s) for a lowering 
generation for the hydro plant. Simulations are conducted for non-reheat and hydro-generating plants with and 
without the GRC with limits described above. The effect of GRC on the frequency deviation responses of multi-
source power system obtained with OQAGC controller at 1% step load perturbation are shown in Figs. 18 and 19 
respectively. These results show that the OQAGC controller exhibits a larger peak overshoot and a longer settling 
time when using GRC. However, in these particular two cases, the dynamic of the multi-source power system 
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with GRC meets the automatic generation control requirements as described in the literature by Parmar43. It also 
can be seen that control area 2 is more affected by generation rate constraints than control area 1 in terms of 
longer settling time and oscillations due to wind plant characteristics.

It has been observed that the dynamic performance of the system deteriorates if GRC limit are applied in 
existence of wind plant. It is therefore necessary to take GRC into account when studying the system realistically. 
The results of GRC of discrete OQAGC is compared with optimal output control (Parmar43). The comparison 
is investigated for the highest overshoot and setting time for the frequency deviation (Fig. 18b). The simulation 
results in Table 11 reveal that the discrete OQAGC controller has superior dynamic responses in terms of peak 
of overshoot, and settling time compared to Optimal output control.

Conclusion
For systematically determining state and control weighting matrices for load frequency management in N regions 
of interconnected power systems with and without disturbances, a generalized functional minimization technique 
has been designed. Discrete OQAGC controllers for a four-area power system and two area multi source power 
system is developed using the optimum control theory and the Lagrangian conventional multipliers approach. 
The study took into account the model of a four-area power system with area control errors, and the integral of 
area control errors were added to the model’s state vector to assure zero steady-state errors.

The simulation findings reveal the following:

Figure 14.   Frequency deviations for Areas 1 and 2.
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•	 The discrete optimum quadratic AGC controllers based on functional cost reduction are more resistant to 
disturbance rejection.

•	 This work developed an OQAGC approach for minimizing the cost function by taking into account area 
control errors, the integral of area control errors, and energy expenditure control.

•	 The functional minimization approach is used to choose the state and control weighting matrices.
•	 The developed discrete OQAGC control and simulation results in this paper are based on discrete quadratic 

optimal control theory and their application can be used to solve the problem of complex large-scale power 
systems.

•	 The sensitivity study analysis prove that the developed discrete OQAGC controller is resistant to fluctuations 
in load operating circumstances.

•	 The GRC analysis prove that the developed discrete optimal AGC controller meets the requirements of the 
automatic generation problem.

Figure 15.   Tie-line power deviation between areas 1 and 2.
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Figure 16.   Frequency deviation results of two areas 1 and 2 with simultaneous SLPs.

Figure 17.   Tie-line power deviation result in both areas with simultaneous SLPs.
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Table 9.   Performance of COQAGC in terms of peak overshoot (POS,) settling time and disturbance rejection 
response time (DRRT).

Frequency deviations

Type of controller Area Settling time Peak OS DRRT​ Steady state error

OQAGC controller with SLP = 0.01p.uatt = 0
1 4.95 s − 0.0244 – 0

2 4.875 s − 0.0201 – 0

Difference % – 2% 18% – 0%

DOQAGC controller with simultaneous SLP = 0.01p.u
1 4.95 s − 0.0244 4.85 s 0

2 4.875 s − 0.0201 4.925 s 0

Difference % - 2% 18% 2% 0%

Table 10.   Performance of COQAGC in terms of POS, ST and DRRT with simultaneous disturbances.

Tie-line power deviations (pu)

Type of controller Between areas Settling time (s) Peak OS DRRT​ Steady state error

DOQAGC controller with SLP = 0.1p.u at t = 0 1 and 2 3.05 − 0.0024 – 0

DOQAGC controller with simultaneous SLP = 0.1p.u 1 and 2 3.05 − 0.0024 3.05 s 0

Figure 18.   Frequency deviation response to 1% SLP in multi-source power system with and without GRC for 
thermal plant (a) Area 1, (b) Area 2.
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https://​www.​tandf​online.​com/​doi/​pdf/​10.​1080/​15325​008.​2015.​10765​40?​needA​ccess=​true.
Reference 2:
Title: Load frequency control of a realistic power system with multi-source power generation
https://​reader.​elsev​ier.​com/​reader/​sd/​pii/​S0142​06151​20016​76?​token=​CAA77​117B8​4E519​4AAD7​6BFC2​69694​
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