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Abstract
The geometric linearization of nonlinear differential equation is a robust method for the
construction of analytic solutions. The method is related to the existence of Lie symmetries
which can be used to determine point transformations such that to write the given differential
equation in a linear form. In this study we employ another geometric approach and we utilize
the Eisenhart lift to geometric linearize the Newtonian system describing the motion of a
particle in a line under the application of an autonomous force. Our findings reveal that
for the oscillator, the Ermakov potential with or without the oscillator term, and the Morse
potential, Newton’s second law can be globally expressed in the form of that of a free particle.
This study open new directions for the geometric linearization of differential equations via
equivalent dynamical systems.

Keywords Newtonian physics · Geometric linearization · Eisenhart lift

1 Introduction

Sophus Lie’s theory [1–3] stands as a powerful mathematical tool for the analytic treatment
of nonlinear differential equations. A Lie symmetry vector serves as the generator of transfor-
mations that leave a given differential equation invariant. Consequently, there exist invariant
functions, known as Lie invariants, which are invaluable for simplifying sets of differential
equations through reduction [4–7]. The Lie symmetry analysis offers a systematic approach
to studying differential equations and has been instrumental in deriving numerous significant
results. As a result, it has found widespread use in the analysis of various dynamical systems
[8–25].

An intriguing property of Lie symmetry analysis is its ability to globally linearize maxi-
mally symmetric differential equations [9, 26]. Second-order ordinary differential equations
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that are invariant under the elements of the sl(3, R) Lie algebra are considered maximally
symmetric [11]. Consequently, there always exists a point transformation, or change of vari-
ables, where the equation can be globally expressed in the form of a free particle. This
linearization process allows for the determination of conservations and the analytic solution
for the original equation through a simple application of the point transformation. Due to this
significant property, the process of linearization has been extensively explored in the litera-
ture, leading to the establishment of various criteria [27–31]. Due to the specific property that
a family of polynomial second-order differential equations is related to geodesic equations
in [32, 33] some geometric criteria have been established for the linearization, see also the
discussion in [34, 35].

In this study we are interested in the linearization properties of the Newtonian systemwith
equation of motion

ẍ − F (x) = 0. (1)

The latter equation describes the motion for a classical particle under the application of an
autonomous force.

The Lie symmetry analysis for (1) has been performed by Sophus Lie, and when F (x) =
F1x + F0, the differential equation is maximally symmetric, that is, it admits eight Lie
symmetries the elements of the sl (3, R); straightforward (1) is a linear equation [13]. For
other functional forms of the force F (x) (1) admits less Lie symmetry vectors. Indeed, for
F (x) = (α + βx)n , n �= 0, 1,−3 and F (x) = eγ x , γ �= 0, the admittedLie symmetries of
(1) are two, and form the algebra A2 in theMubarakzyanovClassification Scheme.Moreover,
for F (x) = α (x + c) + β

(x+c)3
, β �= 0 (1) admits three Lie symmetries which form the

three-dimensional algebra, A3,8, which is more commonly known as sl (2, R). Finally, for
arbitrary function F (x), (1) admits a unique symmetry, which defines the invariance in time
translations.

In the following, we introduce a novel approach where we demonstrate that (1) can be
linearized for specific functions of the force, thereby breaking the condition of maximally
symmetric equations. To achieve this, we utilize the geometric framework established by
L. Eisenhart [40]. We perform a lift in the dimension of (1), transforming it into a system
expressed as geodesic equations on a new (pseudo-) Riemannian manifold. This transforma-
tion allows the force term F(x) to be attributed to the geometric properties of this manifold.

The Eisenhart lift has found application in a range of studies for the analysis of classical
and quantum systems [41–46]. In a related work [47], authors discuss the equivalence of the
oscillator with the free particle using the Eisenhart lift. Building upon this foundation, we
extend these results by presenting a systematic approach. Specifically, we demonstrate that
for specific nonlinear functions F(x), the analytic solution of (1) corresponds to the solution
of the free particle. The outline of the paper is as follows.

In Section 2 we present the Eisenhart lift and we define new higher-order lifts. Section 3
includes the main results of this analysis where we employ results from differential geometry
in order to determine the functional forms of the force term F (x)where (1) can be linearized
via the Eisenhart lift. Finally, in Section 4 we draw our conclusions.

2 Eisenhart Lift

In this section, we delve into the Eisenhart lift, a technique that provides a geometric repre-
sentation of dynamical systems, allowing them to be formulated as sets of geodesic equations
[40]. Through the Eisenhart lift (also known as the Eisenhart-Duval lift), we introduce
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an equivalent dynamical system of higher-dimension, that is, we introduce new depen-
dent variables. The new dimensions allows us to express the original dynamical system
in the equivalent form of geodesic equations for an extended manifold. The extended man-
ifold possesses a sufficient number of isometries, associated with conservation laws, which
are essential for recovering the original dynamical system. This procedure is known as the
non-relativistic limit of the Kaluza-Klein framework. In [48] this approach was applied to
reformulate the equations of motions for particles in the classical and quantum regimes in a
covariant form. Hence, via the Eisenhart lift we reveal the solution for the original dynamical
system into the solution for the equivalent system of geodesic equations. In the following
lines with describe lift in one-dimensional systems of the form of (1).

We define the momentum px = ẋ, thus, (1) is expressed by the equivalent first-order
dynamical system

ẋ = px , ṗx = F (x) , (2)

The latter equations are the Hamilton’s equation for the function

H = 1

2
p2x + V (x) , F (x) = −V (x),x . (3)

Hamiltonian (3) describes the motion of a particle in the one-dimensional space with line
element ds2 = dx2, under the potential V (x). Function (3) is a conservation law for the
equations of motion (2) with value H = h.

2.1 Equivalent Hamiltonian H1+1

We employ the Eisenhart lift and we introduce the new Hamiltonian function

H1+1 ≡ 1

2
p2x + α

2
V (x) p2z = h1+1. (4)

This function describes the geodesic equations for the two-dimensional space with line ele-
ment

ds2(1+1) = dx2 + 1

αV (x)
dz2 , (5)

which is known as the Eisenhart metric
The geodesic equations for the two-dimensional line element (5) are

ẋ = px , ż = αV (x) pz , (6)

ṗx = −α

2
V,x p

2
z , ṗz = 0. (7)

We observe that momentum pz = p0z is a conservation law for the geodesic equations. Hence,
by replacing in the rest of the equations we end with the reduced system

ẋ = px , ṗx = −α

2
V,x

(
p0z

)2
, ż = αV (x) pz . (8)

Hence, the original system (2) is recovered when h1+1 = h and α
(
p0z

)2 = 2.
However, it is important to note that the extended Hamiltonian in the Eisenhart lift is not

uniquely defined. While Hamiltonian (4) represents the most common geometric description
for the dynamical system (1), there exist alternative Hamiltonian functions as well.

At this point it is important to remark that the third equation in (8), that is, for the extended
variable z, plays no role in the evolution of the original system. This dynamical system is
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foliated and the set of initial conditions for the variable z, do not affect the evolution of the
original system in the variables x, px . That property remains valid and for the equivalent
Hamiltonians that we discuss bellow.

2.1.1 Equivalent Hamiltonian H1+2

Consider the extended Hamiltonian function

H1+2 ≡ 1

2
p2x + V (x) p2u + pu pv = hn+2, (9)

with equations of motion

ẋ = px , u̇ = 2V (x) pu + pv , v̇ = pu, (10)

ṗx = −V,x p
2
u , ṗu = 0 , ṗv = 0. (11)

Momentum pu and pv are conservation laws. By replacing in the rest of the equations we
end with the Hamiltonian system (3), assuming that

p2u = 1 and pu pv − h1+2 = h. (12)

The corresponding Eisenhart metric is described by the pp-wave spacetime

ds2(1+2) = dx2 + 2dudv − 2V (x) du2. (13)

If we select h1+2 = 0, then (10), (11) correspond to the null geodesics of space (13). As
we shall discuss in the following Section null geodesics have the property to be invariant
under conformal transformations. This characteristic has been applied before to discover the
original of the high-dimensional symmetry group in dynamical systems [49]. For possible
extensions we refer the reader to the recent discussion in [50].

The two lifts discussed thus far are commonly applied in the literature. The first one is
known as the Riemannian lift [44], while the second one is referred to as the Lorentzian lift
[44].

2.2 New Extended Hamiltonians

We proceed with the introduction of two new lifts which, as we shall see, can be applied to
linearize (1) for specific functions of F(x).

2.2.1 Equivalent Hamiltonian H1+3

Assuming the extended Hamiltonian function

H1+3 ≡ 1

2
p2x + α

2
F1 (x) p2z + F2 (x) p2u + pu pv = hn+3, (14)

which is a combination of the Riemannian and Lorentzian lifts. The equations of motion are
given by

ẋ = px , ż = αF1 (x) pz , u̇ = 2F2 (x) pu + pv , v̇ = pu , (15)

ṗx = −
(α

2
F1 (x),x p2z + F2 (x),x p2u

)
, (16)

ṗz = 0 , ṗu = 0 , ṗv = 0. (17)
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The conservation laws of the dynamical system with Hamiltonian (14) are the momentum
pz, pu and pv . The original Hamiltonian (3) is recovered when V

V (x) = 1

2
αF1 (x) p2z + F2 (x) p2u + pu pv (18)

and
pu pv − h1+3 = h. (19)

Finally, the corresponding Eisenhart metric has the line element

ds2(1+3) = dx2 + 1

αF1 (x)
dz2 + 2dudv − 2F2 (x) du2. (20)

2.2.2 Equivalent Hamiltonian Ĥ1+3

We introduce the extended Hamiltonian function as follows

Ĥ1+3 = 1

2
p2x + 1

2
αF1 (x) p2z + V1 (x) p2u + V2 (x) pu pv = ĥ1+3 (21)

with equations of motion

ẋ = px , ż = αF1 (x) pz , u̇ = 2V1 (x) pu + V2 (x) pv , v̇ = V2 (x) pu , (22)

ṗx = −
(
1

2
αF1 (x),x p2z + V1 (x),x p2u + V2 (x),x pu pv

)
, (23)

ṗz = 0 , ṗu = 0 , ṗv = 0. (24)

The corresponding Eisenhart metric is defined as

dŝ2(1+3) = dx2 + 1

αF1 (x)
dz2 + 2

V2 (x)
dudv − 2

V1 (x)

(V2 (x))2
du2. (25)

and the original Hamiltonian system (3) is recovered for

V (x) = 1

2
αF1 (x) p2z + V1 (x) p2u + V2 (x) pu pv (26)

and ĥ1+3 = h.
Without loss of generality in the latter extension we can assume that F1 (x) = 1, such that

the original system to be recovered when

V (x) = V1 (x) p2u + V2 (x) pu pv (27)

and
1

2
α p2z = h and ĥ1+3 = 0. (28)

Hence, the latter dynamical systems to describe the null geodesics of the line element (25).

3 Geometric Linearization of Newtonian Systems

In the previous section, we established the geometric representation of (1). Therefore, the
global linearization problem of (1) is equivalent to the linearization of the corresponding
geodesic equations for each of the extended Hamiltonians. Before search into the analysis of
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this problem, we first discuss the application of conformal transformations for null geodesic
equations. Specifically, we focus on autonomous Hamiltonian systems where the value of
the Hamiltonian conservation law is constrained to be zero.

Definition 1 The two metric tensors gi j
(
xk

)
, ḡi j

(
xk

)
are conformally related if and only if

there exist a set of coordinates where ḡi j = N 2
(
xk

)
gi j . If gi j is the flat space, then ḡi j is a

conformally flat space.

Lemma 2 Consider theRiemannian spacewithmetric gi j
(
xk

)
andof dimensionn = dim gi j .

For n = 2, the space gi j is always conformally flat, and it is flat if the Ricci scalar is zero.
When n = 3, the Riemannian space is conformally flat if and only if the Cotton-York tensor
is zero. The Cotton-York tensor is expressed in terms of the Riemann tensor and of the Ricci
scalar as follows

Cμνκ = Rμν;κ − Rκν;μ + 1

4

(
R;νgμκ − R;κgμν

)
, (29)

Finally, for n > 3, the space is conformally flat if and only if the Weyl tensor is zero. The
latter tensor is defined as

Cμνκλ = Rμνκλ − 2

n − 2

(
gμ[κ Rλ]ν − gν[κ Rλ]μ

) + 2

(n − 1) (n − 2)
Rgμ[κgλ]ν . (30)

Consider now the geodesic Lagrangian for the Riemannian space with metric gi j

L
(
xk, ẋ k

)
= 1

2
gi j

(
xk

)
ẋ i ẋ j , (31)

where ẋ = dx
dt . The Action reads

S =
∫

dt
(
L

(
xk, ẋ k

))
=

∫
dt

(
1

2
gi j ẋ

i ẋ j
)

. (32)

Under the change of variable dτ = N 2
(
xi

)
dt,we introduce the conformal Lagrangian

L̄
(
xk, x ′k) = 1

2
N 2

(
xk

)
gi j x

′i x ′ j , (33)

in which x ′i = dx
dτ
.

The two Lagrangians L
(
xk, ẋ k

)
and L̄

(
xk, x ′k) describe the geodesic equations for the

two conformal related metrics gi j
(
xk

)
and ḡi j

(
xk

)
. For the geodesic equations of conformal

Lagrangians we have the following Theorem.

Theorem 3 The Euler-Lagrange equations for two conformal Lagrangians transform covari-
antly under the conformal transformation relating the Lagrangians if and only if the
Hamiltonian vanishes.

This implies that null geodesics remain invariant under conformal transformations. There-
fore, the following corollary easily follows.

Corollary 4 The null geodesic equations of conformally flat Riemannian spaces can be lin-
earized. There exist a coordinate system where the geodesic equations can be written in the
form of the free particle.
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In Appendix A we demonstrate the application of the latter corollary.
We consider the Eisenhart metrics for the corresponding extended Hamiltonian functions

H1+1, H1+2, H1+3 and Ĥ1+3.
For the H1+1 we impose that the energy density is not zero; consequently, in order the

geodesic equations to be linearized the metric (5) should be the flat space. Thus, the two-
dimensional space (5) is the flat space if and only if the Ricci scalar is zero, i.e.

2V,xx V − 3
(
V,x

)2 = 0, (34)

with solution VA (x) = V0
(x−x0)2

. Without loss of generality we assume x0 = 0.

Moreover, for the rest Hamiltonian functions H1+2, H1+3 and Ĥ1+3, we assume that they
describe null geodesics. Hence, we require the Eisenhart metrics (13), (20) and (25) to be
conformally flat.

Thus, the three-dimensional line element (13) describes a conformally flat geometry if
and only if

V,xxx = 0 (35)

from where it follows VB (x) = ω
2 (x − x0)2 + ω0.

Furthermore, the four-dimensional line element (20) describes a conformally flat geometry
when the free functions F1 (x), F2 (x) are constraint by the following system of differential
equations,

2F1,xx F − 3
(
F1,x

)2 = 0, (36)

2F2,xx F1 + F2,x F1,x = 0. (37)

The solution of the latter system is F1 (x) = 1(
F0
1 x−F1

1

)2 , F2 (x) = F0
2 + F1

2

(
x − F1

1
F0
1

)2

.

Hence, by replacing in (18) and eliminate the non-essential constants we end with the
Ermakov potential with oscillator VC (x) = ω

2 x
2 + V0

x2
.

Finally, for the line element (25) we assume without loss of generality that F1 (x) = 1,
hence, the space is conformally flat when

3V2
(
V1,xx V2 − 3V1,x V2,x

) + 6V1
(
V2,x

)2 = 0, (38)

V2,xx V2 − (
V2,x

)2 = 0. (39)

Hence, V1 (x) = V 0
1 e

λx + V 1
1 e

2λx and V2 (x) = V 0
2 e

λx . Consequently, the Morse potential
V (x) = V 0

1 e
λx + V 0

2 e
2λx follows.

The results are summarized in the following theorem.

Theorem 5 The Newtonian system (1), with F (x) = −V (x),x can be written as the free

particle d2X
dT 2 = 0, for the potentials: (A) Ermakov potential VA (x) = V0

x2
; (B) the oscillator

VB (x) = ω
2 x

2; (C) the Ermakov potential with oscillator VC (x) = ω
2 x

2 + V0
x2

and (D)

the Morse potential V (x) = V 0
1 e

λx + V 0
2 e

2λx , via the Eisenhart lift and the equivalent

Hamiltonians H1+1, H1+2, H1+3 and Ĥ1+3 respectively.

The proof of the latter theorem is presented in Appendix A. Let us now demonstrate the
latter result with some applications.

Consider the Hamiltonian H1+1 for the Ermakov potential VA (x) = V0
x2
. That is,

H1+1 ≡ 1

2
p2x + αV0

2x2
p2z , (40)
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We introduce the new variables [52]

x =
√
X2 + Y 2 , z = 1√

αV0
arctan

(
Y

X

)
, (41)

then, Hamiltonian (40) becomes

H1+1 = 1

2

(
p2X + p2Y

)
, (42)

which is the Hamiltonian for the free particle. In a similar way we can linearize and the rest
Eisenhart metrics.

The solution ofHamilton’s (42) reveal four integration constants, while the original system

process only two integration constants. Due to the constraints h1+1 = h and α
(
p0z

)2 = 2, we
end with one free integration constant. As we discuss before that third integration constant is
related with parameter z and plays no role in the solution for the original dynamical system.

Assume now the Hamiltonian function H1+2 with the quadratic potential VB (x) = ω
2 x

2,
i.e.

H1+2 ≡ 1

2
p2x + ω

2
x2 p2u + pu pv. (43)

Under the action of the point transformation

x = X
√
1 + Z̄2

, u = 1√
ω
arctan Z̄ , v = √

ω

(

2Y − Z̄ + Z̄
(
1 + Z̄2

) R2

)

, Z̄ = Y + Z

(44)
we end up with the Hamiltonian

H1+2 = (
1 + Z̄2) (

p2X + p2Y − p2Z
)
. (45)

Transformation (x, u) → {
X , Z̄

}
is nothing else than the usual transformation provided by

the Lie symmetry analysis which relates the oscillator to the free particle [51].
We continue our analysis by introducing the Hamiltonian function

Ĥ1+3 = 1

2
p2x + 1

2
p2z + V10e

λx p2u + V20e
λx pu pv (46)

which leads to the Newtonian system (1) for the exponential potential V (x) = V 0
1 e

λx . Under
the change of variables

x = 2

λ
ln

(
λ
√
V10Z2 + V20 (WX − Y Z)√

2V20W

)

, z = −2i

λ
ln

(
λ
√
V10Z2 + V20 (WX − Y Z)√

2V20W

)

, (47)

u = Z

W
, v = Y

W
, (48)

the latter Hamiltonian function reads

Ĥ1+3 = e−2iλz (−V20 pX pW + 2V10 p
2
Y + 2V20 pY PZ

) = 0, (49)

where the resulting equations of motion are linear, that is,

Ẍ = 0 , Ÿ = 0 , Z̈ = 0 , Ẅ = 0. (50)
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4 Conclusions

Weconducted a studyon the linearizationof the equationofmotion for a particlemoving along
a line under the influence of an autonomous force, within the framework of a Hamiltonian
dynamical system. To achieve this, we employed the strategy of the Eisenhart lift to formulate
a system of geodesic equations that are equivalent to the original problem. By defining
various sets of equivalent geodesic Hamiltonian systems and working within the framework
of Riemannian geometry, we were able to determine the functional forms for the force term.
This allowed us to identify caseswhere the geodesic equations could be linearized, effectively
transforming them into the equations of motion for a free particle in a plane geometry.

Our investigation revealed that for the Ermakov potential, the oscillator, and the Morse
potential, we could define a higher-dimensional geometry where the equivalent geodesic
equations could be linearized. Consequently, for these potentials, the Newtonian system
under our consideration becomes equivalent to that of a free particle, under a change of
variables.

This method opens up new directions for studying classical systems and for the lin-
earization of differential equations. In future work, we aim to extend this analysis to
higher-dimensional dynamical systems.

A One-Dimensional Constraint System

Consider the null geodesics for the conformally flat line element (5). We shall see that for
arbitrary potential the dynamical system can be global linearized.

We introduce the change of variables dx = F (X) dX , thus, the line element is

ds2(1+1) =F2 (X) dX2 + 1

αV
(∫

F (X) dX
)dz2, (51)

we select function F (X) such that F2 (X) = 1
V (

∫
F(X)dX)

. Consequently, Hamiltonian (4)

for the null geodesics reads

H1+1 ≡ V

(∫
F (X) dX

) (
p2X + 1

α
p2z

)
= 0. (52)

with equations of motion

Ẋ = V

(∫
F (X) dX

)
pX , ż = V

(∫
F (X) dX

)
pz , (53)

ṗX = V

(∫
F (X) dX

)

,X

(
p2X + 1

α
p2z

)
, ṗZ = 0. (54)

With the use of the constraint (52) it follows

Ẋ = V

(∫
F (X) dX

)
pX , ż = V

(∫
F (X) dX

)
pz , (55)

ṗX = 0 , ṗZ = 0. (56)

We consider the new independent variable dτ = V
(∫

F (X) dX
)
dt , from where it fol-

lows
X ′ = pX , z′ = pz , p′

X = 0 , p′
z = 0, (57)
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or in the equivalently form
X ′′ = 0 , z′′ = 0. (58)
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