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a b s t r a c t

A numerical approach has been used to study the heat and mass transfer from a vertical plate embedded
in a porous medium experiencing a first-order chemical reaction and exposed to a transverse magnetic
field. Instead of the commonly used conditions of constant surface temperature or constant heat flux,
a convective boundary condition is employed which makes this study unique and the results more
realistic and practically useful. The momentum, energy, and concentration equations derived as coupled
second-order, ordinary differential equations are solved numerically using a highly accurate and thor-
oughly tested finite difference algorithm. The effects of Biot number, thermal Grashof number, mass
transfer Grashof number, permeability parameter, Hartmann number, Eckert number, Sherwood number
and Schmidt number on the velocity, temperature, and concentration profiles are illustrated graphically.
A table containing the numerical data for the plate surface temperature, the wall shear stress, and the
local Nusselt and Sherwood numbers is also provided. The discussion focuses on the physical interpre-
tation of the results as well their comparison with the results of previous studies.

� 2010 Elsevier Masson SAS. All rights reserved.
1. Introduction

The study of hydromagnetic boundary layer flow with heat and
mass transfer over a vertical surface embedded in a porous medium
is important in many engineering situations such as the concurrent
buoyant upward gas-liquid flow in packed bed electrodes [1],
sodium oxide-silicon dioxide glass melt flows [2], reactive polymer
flows in heterogeneous porous media [3], electrochemical genera-
tion of elemental bromine in porous electrode systems [4] and the
manufacture of intumescent paints for fire safety applications [5]. A
comprehensive survey of magneto-hydrodynamic studies and their
technological applications can be found in the book by Moreau [6].
Several interesting computational studies of reactiveMHDboundary
layer flows with heat andmass transfer have appeared in the recent
years [7e12]. Chamkha andKhaled [13] reported similarity solutions
for hydromagnetic mixed convection heat and mass transfer for
Hiemenz flow through porous media. Merkin and Chaudhary [14]
used an asymptotic analysis to study natural convection boundary-
layer flow on a vertical surface with exothermic catalytic chemical
reaction and concluded that the flow is controlled by the activation
energy, the heat of reaction and Prandtl and Schmidt numbers.
akinde), aziz@gonzaga.edu

son SAS. All rights reserved.
Makinde [15] used a shooting numerical technique to analyze
MHD boundary-layer flow and mass transfer past a vertical plate in
a porousmediumwith constant heat flux at the plate surface. Except
for a few, boundary layer flows have been studied using either
a constant surface temperature or a constant heat flux boundary
condition. Aziz [16] has recently studied the Blassius flow over a flat
plate with a convective thermal boundary condition and established
the condition which the convection heat transfer coefficient must
meet for a similarity type solution to exist. In a contemporaneous
study, Bataller [17] studied the boundary layer flow over a con-
vectively heated flat plate with a radiation term in the energy
equation. Because the convective boundary condition is more
general and realistic especially with respect to several engineering
and industrial processes like transpiration cooling process, material
drying, etc., it seems appropriate to use the convective boundary
condition to study other boundary layer flow situations. This paper
considersMHDmixed convection from a vertical platewith heat and
mass transfer and a convective boundary condition at the plate. It is
assumed that the plate is embedded in a uniform porous medium
and is exposed to a transverse magnetic field. The problem is solved
numerically and results are presented for the velocity, temperature,
and concentration profiles together with the local skin friction, the
plate surface temperature and the local heat andmass transfer rates.
The results are believed to be applicable to realistic engineering
situations cited earlier.
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Nomenclature

(u; v) velocity-components
g gravitational acceleration
K permeability parameter
Cp specific heat at constant pressure
T fluid temperature
TN free stream temperature
T f hot fluid temperature
Gc mass transfer Grashof number
M magnetic field parameter
Pr Prandtl number
Sh Sherwood number
Bi Biot number
k thermal conductivity
(u, v) dimensionless velocity-components
D mass diffusivity
v0 wall suction velocity
CN free stream concentration

Cw concentration at plate surface
B0 magnetic field strength
Gr thermal Grashof number
U free stream velocity
Ec Eckert number
Sc Schmidt number
v0 constant wall suction
(x,y) coordinates

Greek symbols
q dimensionless temperature
f cimensionless concentration
b thermal expansion coefficient
s electrical conductivity
b concentration expansion coefficient
r fluid density
y fluid kinematic viscosity
l reaction rate parameter
g reaction rate coefficient
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2. Mathematical model

We consider a steady, laminar, hydromagnetic coupled heat and
mass transfer by mixed convection flow of a cold fluid at temper-
ature TN over an infinite vertical plate embedded in a porous
medium. It is assumed that the left surface of the plate is heated by
convection from a hot fluid at temperature Tf which provides a heat
transfer coefficient hf. The cold fluid on the right side of the plate is
assumed to be Newtonian and electrically conducting. Except for
the density, all other fluid properties are assumed to be indepen-
dent of temperature and chemical species concentration. A uniform
magnetic field of strength B0 is imposed normal to the plate (along
the y-axis) as shown in Fig. 1. Since the magnetic Reynolds number
is very small for most fluid used in industrial applications, we
assume that the induced magnetic field is negligible.

Under the Boussinesq and boundary-layer approximations, the
momentum, energy balance and concentration equations can be
written in as [10,15e17],
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Fig. 1. Flow configuration and coordinate system.
�v0
vC
vy

¼ D
v2C

vy2
� gðC � CNÞ; (3)

where x and y are, respectively, the directions along and perpen-
dicular to the surface, u is the velocity component along the plate,
U is the uniform free-stream velocity, v0 is the constant suction
velocity, g is the acceleration due to gravity, r; y; k and s are, the
fluid density, kinematic viscosity, the thermal conductivity and the
electrical conductivity, respectively. The local temperature is T , C is
the species concentration and the subscriptN denotes free-stream
conditions. The other parameters are the coefficient of volume
expansion for heat transfer b, the coefficient of volumetric expan-
sion with respect to species concentration b, the molecular diffu-
sivity D, and the reaction rate coefficient g. The appropriate
boundary conditions for this flow are

u ¼ 0; �k
vT
vy

¼ hf
�
T f � T

�
; C ¼ Cw; at y ¼ 0; (4)

u/U; T/TN; C/CN; as y/N; (5)

where the convective heating process at the plate is characterized
by the hot fluid temperature T f and the heat transfer coefficient hf.

Introducing the following dimensionless quantities,
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Eqs. (1)e(5) may be written in dimensionless form as follows.
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Fig. 2. Velocity profiles for Sc¼ 0.62, Gr¼ Gc¼ K¼ 1, Ec¼M¼ l¼ 0.1; _____Bi¼ 0,
ooooBi¼ 0.1, þþþBi¼ 0.5, ..Bi¼ 1, ****Bi¼ 10.

Fig. 3. Velocity profiles for Sc¼ 0.62, Gr¼ Gc¼ 1, Bi¼ Ec¼M¼ l¼ 0.1; _____K¼ 0.1,
ooooK¼ 1, þþþK¼ 5, ..K¼ 10.
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�df
dy

¼ 1
Sc

d2f
dy2

� l

Sc
f; (9)

u ¼ 0;
dq
dy

¼ Bi½q� 1�; f ¼ 1; at y ¼ 0; (10)

u ¼ U; q ¼ f ¼ 0 as y/N; (11)

where Bi is the Biot number, Ec is the Eckert number, Gc and Gr are
the mass transfer and thermal Grashof numbers, respectively, K is
the porosity parameter,M is the Hartmann number, l is the reaction
parameter, Pr is the Prandtl number and Sc is the Schmidt number.
The quantities u, q, f represent the dimensionless velocity, dimen-
sionless temperature, and dimensionless concentration, respec-
tively. Here, we emphasis that the Biot number (Bi) is the ratio of
the internal thermal resistance of the plate to the boundary layer
thermal resistance. When Bi¼ 0, the left side of the plate with hot
fluid is totally insulated and no convective heat transfer to the cold
fluid on the right side takes place. The set of equations (7)e(9) under
the boundary conditions (10) and (11) were solved numerically
by applying the Nachtsheim and Swigert [18] shooting iteration
technique together with a sixth-order RungeeKutta integration
algorithm. Besides the velocity, temperature, and concentration
data, the numerical solution also yielded the values of q(0),
u0(0),�q0ð0Þ and �f0ð0Þ which are, respectively, proportional to the
plate surface temperature, the local skin-friction coefficient, the local
Nusselt number and the local Sherwood number.

3. Results and discussion

The numerical computations were carried out for positive values
of the buoyancy parameters Gr> 0 (which corresponds to the
cooling problem) and Gc> 0 (which indicates that the free stream
concentration is less than the concentration at the plate surface).
The cooling problem is often encountered in engineering applica-
tions such as the cooling of electronic components and nuclear
reactors. The Prandtl number was fixed at Pr¼ 0.72 which corre-
sponds to air. The values of Schmidt number (Sc) were chosen to
be Sc¼ 0.24, 0.62, 0.78, 2.62 which represent, respectively, the
diffusion of H2, H2O, NH3, and propyl benzene in air. The compu-
tations have been carried out for a range of values of the other
parameters appearing in the problem.

3.1. Velocity profiles

The vertical or the x-component of the velocity, u, profiles are
displayed in Figs. 2e9 and follow the pattern characteristic of
natural convection boundary layer flow over a vertical plate. The
velocity increases from a zero value at the plate to a peak value
within the boundary layer and then decreases gradually to the
specified freestream velocity value of U¼ 0.5.

It is worth mentioning that the Biot number (Bi) is the ratio of
the internal thermal resistance of a solid to the boundary layer
thermal resistance. When Bi¼ 0 (i.e. without Biot number) the
left side of the plate with hot fluid is totally insulated, the internal
thermal resistance of the plate is extremely high and no convective
heat transfer to the cold fluid on the right side of the plate takes
place. Fig. 2 shows the velocity profile with or without Biot number.
It is interesting to note that without Biot number (i.e. Bi¼ 0) the
peak velocity is low. As the convection Biot number increases, the
plate thermal resistance reduces. Consequently, the peak velocity
and the velocities in the neighbourhood of the peak increase
significantly. This effect is triggered by the stronger buoyancy
forces induced as a result of the increase in the strength of the
convective process at the plate. The effect of the permeability
parameter K on the velocity profiles is illustrated in Fig. 3. As the
permeability of the medium increases, it enhances the upward flow
profoundly and shifts the location of the peak velocity further away
from the plate. Fig. 4 shows how the velocity profile is affected
by the Eckert number. Since the Eckert number by definition is
proportional to the square of the suction velocity v0, Fig. 4 also
implicitly depicts the effect of the suction velocity on the upward
flow in the boundary layer. The peak velocity is seen to increase as
the suction velocity increases but its location is hardly affected by
the increase in the suction velocity. The effect of the suction on the



Fig. 4. Velocity profiles for Sc¼ 0.62, K¼ 1, Gr¼ Gc¼ 0.5, Bi¼M¼ l¼ 0.1;
_____Ec¼ 0.1, ooooEc¼ 0.5, þþþEc¼ 1, ..Ec¼ 1.5.

Fig. 6. Velocity profiles for Sc¼ 0.62, K¼Gr¼ 1, M¼ Bi¼ Ec¼ l¼ 0.1; _____Gc¼ 0.1,
ooooGc¼ 1, þþþGc¼ 2, ..Gc¼ 3.
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velocity profile is not as pronounced as the effect of permeability
of the medium as observed in Fig. 3. The effect of thermal Grashof
number on the velocity distribution can be gleaned from Fig. 5.
Because the thermal Grashof number is the ratio of buoyancy to
viscous forces in the boundary layer, the increase in its value
suggests an increase in the buoyancy forces relative to the viscous
forces and this is clearly reflected in the progressive increase in the
vertical (upward) velocity of the flow. The increase in mass transfer
Grashof number produces a similar effect on the velocity profiles as
Fig. 5. Velocity profiles for Sc¼ 0.62, K¼Gc¼ 1, M¼ Bi¼ Ec¼ l¼ 0.1; _____Gr¼ 0.1,
ooooGr¼ 1, þþþGr¼ 3, ..Gr¼ 5.
shown in Fig. 6. It is interesting to note that for Gc¼ 3, that is,
for high concentration between the wall and the freestream, the
vertical component of the velocity in a portion of the boundary
layer is larger than unity which implies that the vertical velocity
exceeds the wall suction velocity.

Attention is now turned to the effects of the Hartmann number
M, the Schmidt number Sc, and the reactionparameter l. Fig. 7 shows
that as the strength of themagneticfield increases, i.e.M increases, it
causes a decrease in the vertical (upward) velocity in the boundary
Fig. 7. Velocity profiles for Sc¼ 0.62, K¼Gr¼ Gc¼ 1, Bi¼ Ec¼ l¼ 0.1; _____M¼ 0.1,
ooooM¼ 0.5, þþþM¼ 1, ..M¼ 2.



Fig. 8. Velocity profiles for K¼Gr¼ Gc¼ 1, M¼ Bi¼ Ec¼ l¼ 0.1; _____Sc¼ 0.24,
ooooSc¼ 0.62, þþþSc¼ 0.78, ..Sc¼ 2.62.

Fig. 10. Temperature profiles for Sc¼ 0.62, Gr¼ Gc¼ K¼ 1, Ec¼M¼ l¼ 0.1;
_____Bi¼ 0, ooooBi¼ 0.1, þþþBi¼ 0.5, ..Bi¼ 1, ****Bi¼ 10.
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layer. The vertical velocity also decreases when the Schmidt number
Sc is increased as illustrated in Fig. 8. Since Sc is proportional to the
density of the diffusing species, the diffusion of heavier species in air
tends to retard the upward flow velocity. The increase in the reaction
parameter l also tends to reduce the vertical velocity as can be seen
in Fig. 9. Thus the effect of increase in the values of M, Sc and l

(Figs. 7e9) is to reduce the upward flow velocity while the increase
in the values of Bi, K, Ec, Gr, Gc promotes an increase in the vertical
velocity (Figs. 2e6). The results presented in Figs. 2e9 and the
Fig. 9. Velocity profiles for Sc¼ 0.62, K¼Gr¼ Gc¼ 1, M¼ Bi¼ Ec¼ 0.1; ____l¼ 0.1,
ooool¼ 0.5, þþþl¼ 1, ..l¼ 5.
conclusions drawn here for MHD flow with a convective surface
boundary condition are in agreement with the ones reported in
[8,10,17] for MHD flows with constant surface temperature or
constant surface heat flux type boundary conditions.

3.2. Temperature profiles

The temperature profiles corresponding to the velocity profiles
of Figs. 2e9 are provided in Figs. 10e16. In each figure, the
maximum temperature occurs at the plate and decreases to reach
Fig. 11. Temperature profiles for Sc¼ 0.62, Gr¼ Gc¼ 1, Bi¼ Ec¼M¼ l¼ 0.1;
_____K¼ 0.1, ooooK¼ 1, þþþK¼ 5, ..K¼ 10.



Fig. 12. Temperature profiles for Sc¼ 0.62, K¼ 1, Gr¼ Gc¼ 0.5, Bi¼M¼ l¼ 0.1;
_____Ec¼ 0.1, ooooEc¼ 0.5, þþþEc¼ 1, ..Ec¼ 1.5.

Fig. 14. Temperature profiles for Sc¼ 0.62, K¼Gr¼ 1, M¼ Bi¼ Ec¼ l¼ 0.1;
_____Gc¼ 0.1, ooooGc¼ 1, þþþGc¼ 2, ..Gr¼ 3.
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the freestream temperature (q¼ 0) at the edge of the thermal
boundary layer. Both the plate surface temperature and the thick-
ness of the thermal boundary thickness increase as the parameters
Bi, K, Ec, Gr, Gm increase (Figs. 9e14). Moreover, it is interesting
to note that the fluid temperature on the right side of the plate
increases with an increase in the Biot number, since as Bi increases,
the thermal resistance of the plate decreases and convective heat
transfer to the fluid on the right side of the plate increases.
Compared with the other parameters, the effect of permeability
parameter K on the temperature profile appears to be small (See
Fig. 13. Temperature profiles for Sc¼ 0.62, K¼Gc¼ 1, M¼ Bi¼ Ec¼ l¼ 0.1;
_____Gr¼ 0.1, ooooGr¼ 1, þþþGr¼ 3, ..Gr¼ 5.
Fig. 11). The effect of increase in Sc (Fig. 15) and l (Fig. 16), however,
is to decrease the plate surface temperature as well the thickness of
the thermal boundary layer.
3.3. Concentration profiles

The dependence of the concentration profile on Sc is illustrated
in Fig. 17. For each value of Sc, the dimensionless concentration
decreases from a value of one at the plate to a value of zero at the
edge of the concentration boundary layer. As Sc increases, the
Fig. 15. Temperature profiles for K¼Gr¼ Gc¼ 1, M¼ Bi¼ Ec¼ l¼ 0.1; _____Sc¼ 0.24,
ooooSc¼ 0.62, þþþSc¼ 0.78, ..Sc¼ 2.62.



Fig. 16. Temperature profiles for Sc¼ 0.62, K¼Gr¼ Gc¼ 1, M¼ Bi¼ Ec¼ 0.1;
____l¼ 0.1, ooool¼ 0.5, þþþl¼ 1, ..l¼ 5.

Fig. 18. Concentration profiles for Sc¼ 0.62, K¼Gr¼ Gc¼ 1, M¼ Bi¼ Ec¼ 0.1;
____l¼ 0.1, ooool¼ 0.5, þþþl¼ 1, ..l¼ 5.
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species concentration drops more rapidly as the thickness of the
concentration boundary layer decreases. Since the increase in Sc
implies a decrease in the molecular diffusivity D, the concentration
decay over a shorter distance is understandable. Similarly, one
would anticipate that the heavier species (higher Sc) would have
a shorter penetration depth (thinner boundary layer). Fig. 18 shows
the effect of reaction rate parameter l on the concentration profiles.
The increase in the reaction rate parameter means an increase
in the consumption of the species and hence a reduction in the
Fig. 17. Concentration profiles for K¼Gr¼ Gc¼ 1, M¼ Bi¼ Ec¼ l¼ 0.1; _____Sc¼ 0.24,
ooooSc¼ 0.62, þþþSc¼ 0.78, ..Sc¼ 2.62.
general concentration through the boundary layer and the deple-
tion of concentration over a shorter distance as predicted by Fig. 18.

3.4. Skin friction, heat transfer, mass transfer
parameters and surface temperature

The quantities u0ð0Þ; q0ð0Þ;f0ð0Þ are measures of the skin friction,
heat transfer, and mass transfer at the plate, respectively, while the
quantity q(0) gives the plate surface temperature. Table 1 records
the values of these quantities for a range of values of the parameters
Bi, Sc, Ec,M, K and lwith Pr¼ 0.72, Gr¼ 0.1, Gc¼ 0.1 andU¼ 0.5. The
skin friction increases as the Biot number Bi, the Eckert number Ec,
M increase but decreases when Sc, K and l increase. The heat
transfer rate from the plate increases with the increase in values of
Bi, Sc, K, and l but decreaseswith the increase in Ec andM. For Bi¼ 0,
no convective heat transfer takes place and the rate of heat transfer
at the plate surface is zero as expected. The surface mass transfer is
seen to increase with the increase in Sc and l. Finally, the plate
temperature increases as Bi increases very significantly as the Bi
increases from 0.1 to 10. For Bi¼ 0.1, the plate temperature is hardly
Table 1
Values of f0ð0Þ, u0(0), q0(0)and q(0) with Gr¼Gc¼ 0.1, Pr¼ 0.72, U¼ 0.5.

Bi Sc Ec M K l �f0ð0Þ u0(0) �q0(0) q(0)

0 0.24 0.1 0.1 0.1 0.1 0.459012 1.891555 0.000000 0.048228
0.1 0.24 0.1 0.1 0.1 0.1 0. 459012 1.894933 0.083565 0.164348
1.0 0.24 0.1 0.1 0.1 0.1 0.459012 1.907655 0.398302 0.601697
10 0.24 0.1 0.1 0.1 0.1 0.459012 1.917383 0.638954 0.936104
0.1 0.62 0.1 0.1 0.1 0.1 0.752957 1.892262 0.083583 0.164168
0.1 0.78 0.1 0.1 0.1 0.1 0.892139 1.891148 0.083590 0.164096
0.1 2.62 0.1 0.1 0.1 0.1 2.657627 1.882032 0.083641 0.163589
0.1 0.24 1.0 0.1 0.1 0.1 0.459012 1.907091 0.044871 0.551288
0.1 0.24 2.0 0.1 0.1 0.1 0.459012 1.920915 0.000865 0.991347
0.1 0.24 0.1 1.0 0.1 0.1 0.459012 1.962039 0.083172 0.168276
0.1 0.24 0.1 10 0.1 0.1 0.459012 2.526743 0.080068 0.199315
0.1 0.24 0.1 0.1 1.0 0.1 0.459012 0.930812 0.085574 0.144253
0.1 0.24 0.1 0.1 10 0.1 0.459012 0.759132 0.085843 0.141569
0.1 0.24 0.1 0.1 0.1 1.0 1.127174 1.889451 0.083600 0.163991
0.1 0.24 0.1 0.1 0.1 2.0 1.539295 1.886928 0.083615 0.163843
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affected by the changes in Sc. In other words, the molecular diffu-
sivity or the density of the diffusing species has very little effect on
the plate temperature. The increase in viscous dissipation (Ec) by
a factor of 2 elevates the plate from a value of 0.551288 to 0.991347.
The strength of themagnetic field (M) has slight impact on the plate
temperature. For example, when the magnetic field is increased by
a factor of 10, the plate temperature increases from 0.168276 to
0.199315. Similarly, the impact of the permeability of the medium
(K) on the plate temperature is small. An increase in permeability
parameter from 0.1 to 10 lowers the plate temperature from
0.199315 to 0.141569. The reaction rate (l) barely affects the plate
temperature as can be seen from the last two entries in Table 1.

4. Conclusion

The influence of convective boundary condition on hydromag-
netic mixed convection with heat and mass transfer past a vertical
plate embedded in a porous medium is numerically studied in this
work. The left surface of the plate is heated by convection from a hot
fluid while the cold fluid on the right side of the plate is assumed to
be Newtonian and electrically conducting. A table containing the
numerical data showing the effects of various parameters control-
ling the system on the plate surface temperature, the wall shear
stress, and the local Nusselt and Sherwoodnumbers is also provided.
Our results reveal among others that both the fluid velocity and
temperature increase with an increase in the convective heat
transfer parameter i.e. the Biot Number (Bi). Physical significance
and application of Biot number with respect to boundary layer flow
problems can be found in several engineering and industrial
processes such as drying of material, transpiration cooling, etc.
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