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ABSTRACT: Dome can be considered as paraboloidal shells of revolution. Free vibration of the paraboloidal
shells with arbitrary degree of parabola meridian have been formulated into an eighth-order partial differential
equations (PDAs) with variable coefficients. In order to solve the PDAs, we introduce a displacement function
U(r,φ) to represent the general solution of the PDAs. The vibration solutions are obtained in terms of series
forms, respectively. The numerical simulations for free vibration shows that the spherical shape of dome per-
formers better mechanics behaviors than other shape, this study is useful references for the optimization of the
dome design.

1 INTRODUCTION

A dome (from Latin: domus) is an architectural ele-
ment that resembles the hollow upper half of a sphere
(Fig.??). A dome can rest upon a rotunda or drum,
and can be supported by columns or piers that tran-
sition to the dome through squinch or pendentive. A
lantern may cover an oculus and may itself have an-
other dome (Fig??) (?).

Domes have a long architectural lineage that ex-
tends back into prehistory and they have been con-
structed from mud, stone, wood, brick, concrete, met-
al, glass, and plastic over the centuries. The symbolis-
m associated with domes includes mortuary, celestial,
and governmental traditions that have likewise devel-
oped over time.

Figure 1: The dome of St. Peter’s Basilica in Rome

Domes have been found from early Mesopotamia,
which may explain the form’s spread. They are found
in Persian, Hellenistic, Roman, and Chinese architec-
ture in the Ancient world, as well as among a num-
ber of contemporary indigenous building tradition-
s. They were popular in Byzantine and medieval Is-
lamic architecture, and there are numerous examples

from Western Europe in the Middle Ages. The Re-
naissance style spread from Italy in the early modern
period. Advancements in mathematics, materials, and
production techniques since that time resulted in new
dome types. The domes of the modern world can be
found over religious buildings, legislative chambers,
sports stadiums, and a variety of functional structures
(?).

Figure 2: Different configurations of dome/shell

Dome has better feature of mechanics. A masonry
dome produces thrusts down and outward. They are
thought of in terms of two kinds of forces at right
angles from one another. Meridional forces (like the
meridians, or lines of longitude, on a globe) are com-
pressive only, and increase towards the base, while
hoop forces (like the lines of latitude on a globe) are
in compression at the top and tension at the base, with
the transition in a hemispherical dome occurring at an
angle of 51.8 degrees from the top. The thrusts gener-
ated by a dome are directly proportional to the weight



of its materials. Grounded hemispherical domes gen-
erate significant horizontal thrusts at their haunches
(?).

From structural point of view, dome can be consid-
ered and modelled as paraboloidal shells of revolution
shown as in Figure (??), whose shape can be approx-
imately represented byz = f(1 − xm), x = r/R,
where the power exponent m can be an arbitrary real
numbers.

For deformation analysis of Para-dome, Luo (?)
were the first to derive a simplified complex form d-
ifferential equation and gave the homogeneous solu-
tion for the axisymmetric problem of the shells using
Thomson’s function under Gekerler’s simplification.
The exact general solution for the complex form e-
quation of the shells for bpth bending and vibration
were given by Sun (?) and (?), respectively. Howev-
er, the equation in the complex form cannot be easi-
ly used to treat dynamical problems, Sun (?) and (?)
used displacement governing equations of para-dome
and successfully reduced the equations into a single
equation about the displacement function.

Although the dome can be calculated by finite el-
ement methods, as an extension of author’s previous
work, we will study the free vibration of paraboloidal
dome/shell in an analytical way. To make the paper
self-contained, the paper is organised as follows. Af-
ter this short introduction we in Section 2 the basic
formulations of the paraboloidal dome/shell of revo-
lution. Section 3 gives a general solution by introduc-
ing a displacement function. Section 4 is devoted to
numerical case studies. Finally, section 5 concludes
the paper.

2 BASIC FORMULATION OF PARABOLOIDAL
DOME

2.1 Geometrical description and the
approximations for paraboloidal shallow shells

The middle surface of a paraboloidal dome/shell is
given by the following equation

z = f(1− xm), x = r/R. (1)

where f is the arch height of middle surface, R is the
maximum radius, x = r/R is a dimensionless radius
variable, m is an arbitrary exponent m ̸= 0 1 (for con-
ical shell m = 1 and for spherical shell m = 2). The
geometry of the shell is illustrated in Fig ??.

For shallow paraboloidal dome/shell of revolution,
we have Lamé parameters

A1 = 1, A2 = r. (2)

and curvatures
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2.2 Strains and change of curvatures of the middle
surface in terms of the displacement
components

For the paraboloidal dome/shell of revolution, we
have strains in middle surface
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and change of curvatures
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2.3 Constitutive equations of elastic materials

For shells made of elastic materials, we have the com-
ponents of force resultants

T1 =K(ε1 + µε2), T2 =K(ε2 + µε1),
S = 1

2
K(1− µ)ω12.

(6)

and the components of moments of stress resultants

M1 = D(χ1 + µχ2), M2 = D(χ2 + µχ1),
H = D(1− µ)τ.

(7)

In which, E is Young modulus, µ is Poisson rate, hh
is thickness of shells,K = EH

1−µ2 is stretching stiffness,

and D = Eh3

12(1−µ2)
is stiffness of moment.

2.4 Balance equations in terms of displacement
components

If denote q1, q2, q3 are the distributed load com-
ponents in the direction of u, v, w, respectively,
then we have balance equation as follows

L11(u) +L12(v) +
mf
R
L13(x

m−1w) = q1,
L21(u) +L22(v) +

mf
R
L23(x

m−1w) = q2,
L31(u) +L32(v) +

mf
R
L33(x

m−1w) = q3.

(8)

Figure 3: Paraboloidal dome/shells of revolution



If we denote Euler operator Dx = x ∂
∂x

, then the oper-
ators
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and constants a = m − 1 + µ, b = (m − 1)µ +
1, c = (m− 1)(m− 1 + 2µ) + 1.

The mathematical problem of paraboloidal
dome/shell is to solve Eqn.(??) under boundary
conditions. Unfortunately, the Eqn.(??) is eight order
PDAs with variable coefficients and very hard to find
its solutions.

3 DISPLACEMENT FUNCTION AND
GENERAL SOLUTION OF FREE VIBRATION
OF PARABOLOIDAL DOME

(?) and (?) introduced a coordinate transformation,
x = et, then the Euler operator Dx is changed to an
operator ∂

∂t
has constant coefficient. Then the opera-

tors L11,L12,L13,L21,L22,L23 can be transferred to
differential operators with constant coefficients, how-
ever, the operator L3i can not be converted to differ-
ential operators with constant coefficient. We can still
reduce the PDAs into a single PDA.

(?) and (?) introduced a displacement function
U(x,φ) and write displacement components

(u, v,w) = (ū, v̄, w̄)eiωt (10)

ω is natural frequency, then we have vibration modal
components as follows

ū = Lu(U)−L22(ψ1) +L12(ψ2),
v̄ = Lv(U) +L21(ψ1)−L11(ψ2),
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2

R
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where the operators
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The unknown functions ψ1, ψ2 are related to the
loads q1, q2, for not-high-frequency vibration, the

initial in the middle surface can be omitted, The vi-
bration initial will be only in the normal direction of
the middle surface, that is,

q3 = −ρh∂
2w

∂t2
. (13)

So we have q1 = 0, q2 = 0, which leads the both
unknown function ψi vanish, therefore

ū = Lu(U), v̄ = Lv(U). (14)

Substitute (u, v,w) = (ū, v̄, w̄)eiωt into Eqn.(??),
then we have the governing equation of the displace-
ment function U(x,φ)

L1Lw(U) +
m2f2Kx2m

D
L3(U) +

ω2ρhx4

D
Lw(U) = 0.

(15)

where L1 = [(Dx −m− 1)2 + ∂2

∂φ2 ][(Dx −m+1)2 +
∂2

∂φ2 ], L3 = cLw + 2(2Dx + b+ bLv)/(1− µ).
It is obvious that the Eqn.(??) is an eight order PDA

with variable coefficients. The natural frequency ω is
an eigenvalue should be determined by boundary con-
ditions. (?) and (?) obtained exact solution in terms of
hypergeometric functions when ω = 0. Unfortunate-
ly, in general, Eqn. (??) has no solutions represented
by special functions, series form solution can be ob-
tained.

Series solution U(x,φ) of Eqn.(??) can be set as

U =
∞∑
n=0

An(x) sinnφ+
∞∑
n=0

Bn(x) sinnφ. (16)

and the Fourier coefficient functionsAn(x) =
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n=0

an(x)x
λ+n, Bn(x)) =

∞∑
n=0

bn(x)x
λ+n, where the

index , λ can be determined by m,f and R. For
general free vibration, since the governing PDA is an
eight order, so there are 8 roots of λk, k = 1, · · · ,8,
each one is corresponding one solution.

4 NUMERICAL CASE STUDIES

4.1 Dome shape for different parameter m

Except m ̸= 0, the shape function of the dome z =
f(1− xm), x = r/R covers wide range of geomet-
rical shape. m = 1 gives a conical shell; m = 2 gives
a spherical shell and m=0 gives circular plate, etc.

From Figure 4, we can see the curvature of the shell
is positive when m is bigger than 1, and be negative
when m is less than 1.

It should be point it out that except the value 0, 1
and 2 of m, there is no any solution have been ob-
tained for parabolic shells.

In the following case studies, we choose following
specification of dome.

Boundary condition: The dome is clamped in the
bottom boundary.



Figure 4: Paraboloidal dome geometry z = f(1− xm) for dif-
ferent m.

Table 1: Dome materials and geometry specifications.
E µ ρ R h f
200GPa 0.3 7.95g/cm2 10cm 1cm 5cm

4.2 Case studies 1

In this case, we fix the arch hight f = 5cm but chang-
ing the power index m. We want to see the frequency
change vs. the m for different vibration mode.

Table 2: Frequency vs. m for arch height f = 5cm.
m mode1 mode2 mode3 mode4
1/2 25.649 41.775 42.023 65.004
1 34.138 42.668 42.996 60.102
4/3 36.412 44.967 45.119 63.621
2 37.365 45.01 45.286 64.685
3 33.304 45.183 45.456 67.992
4 29.262 42.735 42.784 69.085

To have picturing image on the above data, let us
plot the frequency of mode 1 for different power index
m in Figure 5. When the hight of the shell f is fixed,
and just turning parameter m, the dome frequency is
increasing with the increase ofm untilm reach 2, then
the frequency will decrease as m is increasing.

The physical interpretation of this phenomena can
be understood as when m = 2 (spherical shell), the
shell total stiffness is reaching the maximum so its
frequency is higher, as the m is creasing the shell be-
comes softer and softer since the shell will eventually
change to a shape with flat-hat.so the spherical shell
generally has strongest feature.

4.3 Case studies 2

In this case, we will change the arch height and see
how effect on the frequency. No lose generality, let us
compare the frequency when power index m = 3.

For fixed value of m = 3, the frequency increase
as the shell height f increase. This phenomena is eas-
ily understood as the shell becomes sharp as the f
increase, so the total stiffness increase results the fre-
quency increasing.

5 CONCLUSIONS AND RECOMMENDATIONS

For parabolic shell with shape function as z = f(1−
xm), if shell height f is fixed, the frequency increase
as m increase until to reach m = 2, then decrease
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Figure 5: Mode 1 frequency vs. different m when arch height f
is fixed.

Table 3: Frequency vs. arch height at m = 3.
f(cm) mode1 mode2
5 33.3049 45.183
10 48.033 60.582
15 57.643 77.464
20 67.662 91.566
25 77.743 105.22

as m continue increase. The frequency reach its peak
value at vale of m = 2. Since m = 2 is the case of
spherical dome and shell, which means that spheri-
cal dome/shell is more stiffer and stronger than other
shape. Ifm is fixed, the increase of height f will leads
the increase of frequency.

The above analysis bring us a recommendation as
follows: from strength point of view, the optimized
shape of paroboloidal dome/shell is spherical shape.
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