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In 1952 and 1954, respectively, Sir James Lighthill derived a sound equation by an analogy ap-
proach and proposed a well-known U8 power law for the the power of sound by using magni-
tude scale analysis. However, the Lighthill U8 law breaks down at velocities when Mach number
M > 1. In order to unify all the scaling laws of sound power, instead of using a Lighthill equation,
an alternative way of using dimensional analysis has been proposed and a discovery of the univer-
sal power law of the power of sound has been founded as W = ρD2U3f( c0U ) = ρ0D

2U3f( 1
M ).

As a special scenario, the scaling law for hypersonic flow has been obtained as W = Cρ0D
2U3,

which coincides with the experiments.

1. Introduction

Sound, which is generated by turbulence in an unbounded fluid is usually called aerodynamic
sound or noise.

According to a review article by Williams [1], five distinctly different schemes have been advanced
to describe the sound-generation problem. Each scheme is intended to deal with the same general
issue, namely that of a finite region of turbulent flow that is surrounded by a uniform, homogeneous,
stationary, acoustic medium. This is clearly the appropriate model for the jet-noise problem, which
provides a technological incentive to the work though it is by no means restricted in scope to this
issue. The first and pioneering scheme is that, which is suggested by Lighthill [2][3], whereby the
flow is modelled by an equivalent distribution of acoustic quadrupoles. This is the acoustic analogy,
which has been highly developed.

The second scheme was suggested by Liepmann [4]. His scheme included extension of the
Lighthill principle, well established in steady viscous flows so that the potential flow external to a
body is that, which is established in an ideal potential flow around the hypothetical body that is formed
when the boundary-layer displacement thickness supplements the real body dimension. Liepmann[4]
proposed that the radiation field could be considered as being driven by an ideal boundary whilst faith-
fully following the profile of the instantaneous displacement thickness. This scheme is clearly sound,
for the potential field is uniquely specified by the velocity on a surface of a known shape. However,
all the emphasis is then placed on the computation of the instantaneous displacement thickness, and
this is far from simple.

The third significant new approach was made by Phillips [5] who sought a scheme, which was ca-
pable of tackling an inherently more difficult problem than the one posed by Lighthill [2][3]. Phillips
concentrated on high-supersonic speeds, where an important issue was the refraction of sound, travel-
ling from its point of generation through velocity and temperature gradients into the quiescent atmo-
sphere beyond. Though this problem has been clearly posed by Phillips [5], it is proving extremely
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difficult to obtain solutions for his equations. However, Phillips was the first to clearly demonstrate the
Mach-wave phenomenon, and he showed how different the radiation characteristics are of turbulence
at low and high Mach numbers.

The fourth general scheme is one that has been advanced independently by several authors, and is
based on the method of matched asymptotic expansions. In general, these have served as a reminder
that the Lighthill analogy [2][3] has definite limitations regarding its utility, since it emerges from
these schemes as being the first term of an asymptotic expansion. In one case, however, these meth-
ods gave a definite new result that had not previously been obtained via the acoustic analogy. Thit
result was obtained by Müller and Obermeier [6] who treated the two-dimensional sound-generation
problem.

The fifth approach is as yet little more than a suggestion that emerges from Morfey’s [7] treatment
of the energy-balance equations in acoustics. Morfey [7] sets up equations of acoustic-energy flow
that illustrate certain source mechanisms without any requirement for the linear pressure field to be
specified prior to a computation of intensity. It is possible that this scheme could provide an additional
approach to the hydrodynamic-sound problem, though this has yet to be demonstrated.

Within the general frame of the Lighthill theory, Powell [8] proposed a theory of vortex sound,
which emphasizes a source term of questionable integrated strength. Powell [8] set up equations of
motion to highlight the Coriolis forces ρv× (∇×v) as dipole elements that integrate instantaneously
to zero over compact, free-turbulent fields. He represented the equivalent source field by the first
term of a Taylor series expansion in space with the Coriolis force as coefficient. The acoustic source
term, being the volume integral of this series, remains ambiguous, owning to a substantial unresolved
convergence issue.

Of all these approaches, Lighthill’s acoustic analogy currently holds a commanding position, since
it is capable of illustrating, in a straightforward manner, many of the fascinating features of flow noise
that are currently found in novel experiments.

The Lighthill theory predicts that the power of sound will comply with the U8 law for subsonic
flow. However, the Lighthill U8 law for subsonic flow breaks down at high exhaust velocities. In order
to unify all the scaling laws of sound power, this article adopts that an alternative way of using the
Buckingham theorem in dimensional theory instead of the Lighthill equation and hence discovered
the power of sound can be formulated in a universal format. In section 2 the Lighthill aeroacoustic
theory is highlighted; in section 3 the Lighthill U8 law is reviewed; in section 4 experiments of the
power of sound are presented; in section 5 the universal scaling law of the power of sound is proposed
and in section 6 certain special senecio of the limits of large Mach number are formulated, in section
7 conclusions are summarized.

2. Lighthill aeroacoustical theory

Lighthill (1952) [2] transformed the Navier-Stokes and continuity equations to form an exact,
inhomogeneouswave equation whose source terms are important only within the turbulent region.
Lighthill argued that sound is a small component of the whole motion and that, once generated, its
back-reaction on the main flow can usually be ignored. Properties of the unsteady flow in the source
region may then be determined by neglecting the production and propagation of the sound, which is a
reasonable approximation if the Mach number M is small, and there are many important flows where
the hypothesis is obviously correct, and where the theory leads to unambiguous predictions of the
sound.

Lighthill was initially interested in solving the problem, which is illustrated in Fig.1a, above of
the sound that is produced by a turbulent nozzle flow. However, his original theory actually applies
to the simpler situation, which is shown in Fig.1b, above, in which the sound is imagined to be
generated by a finite region of rotational flow in an unbounded fluid. This avoids complications that
are caused by the presence of the nozzle. The fluid is assumed to be at rest at infinity, where the mean

2 ICSV23, Athens (Greece), 10-14 July 2016



The 23rd International Congress of Sound and Vibration

Figure 1: Unbounded flow [9]

pressure, density, and sound speed are respectively equal to p0, ρ0, c0. Lighthill compared equations
for the production of acoustic density fluctuations in the real flow with those in an ideal linear acoustic
medium, which coincides with the real fluid at large distances from the sources [9].

2.1 Lighthill equation of fluid

Continuity equation:
∂ρ

∂t
+∇ · (ρv) = 0. (1)

Linear momentum equation:

ρ(
∂v

∂t
+ v ·∇v) = −∇p+∇ · σ + ρf , (2)

where f is body force per volume, v is flow velocity and p is pressure.
Multiply(1) by v, and add (2), gives

∂ρv

∂t
+∇ · (ρvv − σ) = ρf . (3)

In producing a derivative (1) with respect to time t, and a scalar product of ∇ and (2), taking into
account (3), we have

∂2ρ

∂t2
= ∇ · [∇ · (ρvv − σ) +∇p+ ρf ]. (4)

If the body force per volume is omitted, the above equation can be written as:

∂2ρ

∂t2
= ∇∇ : (ρvv − σ + p). (5)

In order to study the acoustics of sound, Lighthill proposed to add −c20∇2ρ to both sides of equation
(5), which will render

∂2ρ

∂t2
− c20∇2ρ = ∇∇ : T . (6)

Pressure of sound can be obtained by the relation p = c20ρ, where T = ρvv − σ + (p− c20ρ)I . This
is called the Lighthill stress tensor, which can be considered as the source of sound, where c0 = (∂p

∂ρ
)s

is the speed of sound.

ICSV23, Athens (Greece), 10-14 July 2016 3



The 23rd International Congress of Sound and Vibration

2.2 Lighthill’s aeroacoustical analogy

From a listener’s perspective, the problem of sound that is produced by a turbulent flow is analo-
gous to a problem of propagation in a uniform medium at rest, in which equivalent sources are placed
(see Figure 2 below). Hence, Lighthill [3] asserted that the sound that is generated by the turbulence in
real fluid is precisely equivalent to the sound that is produced in the ideal, stationary acoustic medium
with the source of stress distribution T ′

ij = ρvivj + (p′ − c20ρ
′)δij − σij , which is called the Lighthill

turbulence stress tensor, where the fluctuations are ρ′ = ρ− ρ0, p
′ = p = p0, v

′
i = vi.

Figure 2: Lighthill aeroacoustical analogy concept [9]

In the wave propagation region, the linear wave operator applies:

∂2ρ′

∂t2
− c20

∂2ρ′

∂x2
i

= 0, (7)

which has no source.
The key point of the Lighthill analogue is to consider the turbulence as the source of the sound. To

find the turbulence as the source of the sound, we exert the perturbation ρ′ = ρ−ρ0, p
′ = p−p0, v

′
i = vi

on equation (6) in order to render

∂2ρ′

∂t2
− c20∇2ρ′ =

∂2T ′
ij

∂xi∂xj

, (8)

in which T ′
ij = ρvivj+(p′−c20ρ

′)δij−σij , which is called the Lighthill turbulence stress tensor. In the
definition of T ′

ij , the term ρvivj is called the Reynolds stress. The second term represents the excess
of momentum transfer by the pressure over that in the ideal (linear)fluid of density ρ0 and sound speed
c0. This is produced by wave amplitude nonlinearity, and by mean density variations in the source
flow. The viscous stress tensor σij is linear in the perturbation quantities, and properly accounts for
the attenuation of the sound; in most applications the Reynolds number in the source region is large,
and σij can be neglected, while the viscous attenuation of the radiating sound is usually ignored.

The problem of calculating the turbulence generated sound is, therefore, equivalent to solv-
ing equation (8) for the radiation into a stationary, ideal fluid that is produced by a distribution of
quadrupole sources, whose strength per unit volume is the Lighthill stress tensor T ′

ij . The quadrupole
character of the turbulence sources is one of the most important conclusions of Lighthill’s theory; it
implies that free-field turbulence is an extremely weak sound source, and that in a typical low Mach
number flow, only a tiny fraction of the available flow energy is converted into sound.

The mass density fluctuation in equation (8) can be expressed in terms of Green function G,
namely

ρ′(x, t) =

∫ t

−∞

∫∫∫
V

∂2T ′
ij

∂yi∂yj
Gd3ydτ − c20

∫ t

−∞

∫∫
∂V

(ρ′
∂G

∂yi
−G

∂ρ′

∂yi
)nid

2ydτ, (9)

where G(x, t|y, τ) = 1
4πc20|x−y|δ(t − τ − |x−y|

c0
), and the emission time τ ∗ = t − |x−y|

c0
(see Figure 3

above).
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Figure 3: Free field Green Function [9]

Lighthill proposed a simplification for the turbulence stress tensor: for a high Reynolds number,
the viscous stress σij can be ignored, for isentropic p′ − c20ρ

′ = 0 and for low Mach number the
momentum flux ρvivj ≈ ρ0vivj , hence the Lighthill turbulence stress tensor T ′

ij = ρ0vivj .
Under silent initial and boundary conditions, the sound pressure fluctuation p′ will be expressed

as p′ = c20ρ
′, where

p′(x, t) = 1
4π

∂2

∂yi∂yj

∫
V

T ′
ij(y,t−

|x−y|
c0

)

|x−y| d3y ∼= xixj

4πc20|x|3
∂2

∂t2

∫
V
T ′
ij(y, t−

|x−y|
c0

)d3y. (10)

It is clear that the Lighthill analogy considers a free flow, for example, with an engine jet. The
nonstationary fluctuations of the stream are represented by a distribution of quadrupole sources in the
same volume.

Besides the Lighthill analogy, the Curle analogy [10] proposed a solution which takes hard sur-
faces into consideration. The Williams-Hawkings analogy [11] is valid for aeroacoustic sources in
relative motion with respect to a hard surface, as is the case in many technical applications, for exam-
ple, in the automotive industry or in air travel.

3. Lighthill U 8 scaling laws

It is worth mentioning that the solution (10) is merely a solution form, which cannot be used for
any real calculation, since the turbulence field is still unknown. However, quantitative predictions can
be made from this formula (10), provided the behaviour of the Reynolds stress ρ0vivj is known.

Figure 4: Lighthill’s eighth power law U8 [9]

To determine the order of magnitude of p′, Lighthill studied the magnitude scale in solution (10)
and introduced a characteristic velocity U and length scale D (of the energy-containing eddies) of the
turbulence sources (see Figure 4 above), in which case the characteristic time scale is D/U . When
flow speed is not too high, D is much larger than the wave length of the sound, so the source of the
sound can be considered being compact. The problem is to find the magnitude of the pressure p′.

In respect of dimensions, we have T ′
ij = ρvivj ∼ ρ0U

2, xi ∼ |x|, ∂
∂t

∼ U/D, V ∼ D3, and when
one substitutes the above parameters into equation (10), it render a pressure fluctuation magnitude
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scale of:

p′ ∝ 1

c20r
· (U
D
)2 · ρ0U2 ·D3 ∝ D

r

ρ0U
4

c20
. (11)

The total power of sound W ∼ p2/(ρ0c0), hence

W = K
ρ0D

2

c50
U8, when the Mach number M < 1. (12)

This is the famous Lighthill eighth power law of speed U . K = 3 × 10−5, which is the Lighthill
constant.

4. Experimental scaling laws for supersonic and hypersonic jet flow

The Lighthill eighth power law U8 for subsonic flow breaks down at high exhaust velocities,
where the convection velocities of the eddies in the turbulent mixing region approaches supersonic
values. Within the high exhaust velocities of present-day rocket engines, this law predicts a physically
unrealistic result, namely that over 100% of jet propulsive power is converted to noise. Experimental
data suggests a U6 dependence of the sound power level for supersonic jets for low Mach numbers
(M = 1 ∼ 1.5). With higher Mach numbers a U4 dependence is noted by the measurements at
Mach 2.5. At with larger Mach numbers (in excess of about 2.5), a U3 dependence of sound power is
observed. The U3 dependence of sound power implies a constant acoustic efficiency independent of
jet velocity.

The sound power level dependence in terms of speeds can be summarized as follows:

W ∝


U8 M < 1
U6 1.0 < M < 1.5
U4 1.5 < M < 2.5
U3 2.5 < M < 5

(13)

However, the power laws of U6, U4 and U3 cannot be derived by the Lighthill theory or any other
theory, since all current aeroacoustics theories were proposed based on Mach number less than 1.
Hence the question: can we find a universal scaling law for aeroacoustics that cover the full range
of the Mach number? To answer the question, in the following scenario we will not use any fluid
formulations, but only dimensional analysis to find a possible solution to the question.

5. Universal scaling laws of aeroacoustics

There are five parameters for this problem, such as characteristic length D, gas density ρ0, flow
speed U , the speed of sound c0 and sound power W . The sound power W can be defined as:

W = f(D, ρ0, U, c0). (14)

Dimensions of the above variables are listed in the Table 1 below.

Table 1: Basic dimensions of the problem
W D U c0 ρ0

L2mt−3 L Lt−1 Lt−1 mL−3

This problem has 5 parameters, and if we choose D, ρ0 and U as basic repeating variables, then
according to the Buckingham dimensional theory [12][14], we will have two dimensionless Π. From
Π1 = WDaρb0U

c, then a = −2, b = −1, c = −3, hence

Π1 =
W

ρ0D2U3
. (15)

6 ICSV23, Athens (Greece), 10-14 July 2016



The 23rd International Congress of Sound and Vibration

Similarly, Π2 = c0D
aρb0U

c, renders a a = 0, b = 0, c = −1, hence

Π2 =
c0
U

=
1

M
, (16)

where the Mach number M = U/c0 and a universal relationship Π1 = f(Π2), namely

W = ρD2U3f(
c0
U
) = ρ0D

2U3f(
1

M
), (17)

where f(:) is the function of the Mach number. This relation is a general and universal for all Mach
number [14][15].

If we take into account the kinematic viscosity ν, then the problem will have 6 parameters. The
list of their dimensions is shown in Table 2.

Table 2: Basic dimensions of the problem
W D U c0 ρ0 ν

L2mt−3 L Lt−1 Lt−1 mL−3 L2t−1

In this case, there is one more Π, which is Π3 = 1
Re

, where Re is the Reynolds number, and the
universal scaling law (12) will be revised into:

W = ρD2U3f(
c0
U
,
1

Re
) = ρ0D

2U3f(
1

M
,
1

Re
). (18)

It must be pointed out here that subsection 2.2 shows that The viscous stress tensor σij is linear in
perturbation quantities, and properly accounts for the attenuation of the sound; in most applications
the Reynolds number in the source region is large, and σij can be neglected, while the viscous atten-
uation of the radiating sound is usually ignored. In this regard, the scaling law (18) can ignore the
Reynolds number Re.

The pressure fluctuation p′ can also be formulated by the dimensional analysis as follows

p′ = ρ0U
2g(

1

M
). (19)

where g(:) is a function of Mach number M . It is clear that the pressure fluctuation p′ tends to be
Cρ0U

2 in the limits of M → ∞, which is independent from jet velocity.

6. The Universal scaling laws at infinite Mach number

According to the incomplete similarity theory of Barenblatt[13], the scaling law of (17) can be
approximately represented in terms of the power format of the Mach number, when M is larger, hence

W = Kρ0D
2U3(

1

M
)−α = Kρ0D

2MαU3 = Kρ0D
2U3(

c0
U
)−α = K

ρ0D
2

cα0
U3+α, (20)

where α is called the speed scale exponent index introduced in this article.
Within the frame of (19), the power law of (13) can be written in the following universal format:

W = KρD2MαU3 =


Kρ0D

2c−5
0 U8 M < 1 (α = 5),

Kρ0D
2c−3

0 U6 1.0 < M < 1.5 (α = 3),
Kρ0D

2c−1
0 U4 1.5 < M < 2.5 (α = 1),

Kρ0D
2U3 2.5 < M < 5 (α = 0).

(21)

This is the universal scale law of the power of sound, which was proposed by the author in [14][15].
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In the limit case of M → ∞, if f(1/M) → f(0) does exist, f(0) must be a constant C, hence,
the total power W of sound for hypersonic flow should be:

W = Cρ0D
2U3 5 < M < ∞. (22)

The relation (22) indicates the U3 law of sound power that implies a constant acoustic efficiency
f(1/M), independent of jet velocity, which coincided with the experiments.

7. Conclusions

We have formulated universal scaling laws of sound power by using the dimensional method. In
summary, the results are as follows:

1. The general form of the power of sound W = ρD2U3f( c0
U
) = ρ0D

2U3f( 1
M
);

2. Approximately, the universal form of the power of sound is W = K ρ0D2

cα0
U3+α;

3. The scaling law for hypersonic flow is W = Cρ0D
2U3;

4. The pressure fluctuation p′ tends to be Cρ0U
2 in the case of M → ∞.
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