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Abstract. The fundamental problem of an elastic-plastic body subjected to incremental loading
is reviewed using a compact internal variable approach which is expressed as a convex nonlinear
mathematical programming problem. The approach is based on work carried out by Martin and
co-workers [1–6] at the University of Cape Town. Additional contributions are introduced in the
area of solution algorithms. Algorithms are developed aimed at approximating kinematic variables.
Static and dynamic differential equations of motion and algorithms in form of a convex nonlinear
mathematical programming problem are developed using the application of Liapunov functions.
Stability analysis via energy methods with the help of Liapunov functions is performed to determ-
ine integration parameters.
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1 Introduction

Recent work, based on the original formulations by Kestin and Rice [7] and
Lemaitre and Chaboche [8], on the incremental problem for statically loaded elastic-
plastic bodies using an internal variable framework has provided a coherent, com-
pact and physically based formulation which permits several useful insights into the
structure of the problem [9–14]. The formulation [1] initially makes use of a back-
ward difference approximation in time of the constitutive equations, and leads to a
non-linear programming problem which is convex for stable materials. The simplest
two step iterative scheme for the solution of the non-linear programming problem
can be recognized as the Newton–Raphson algorithm, and the issue of convergence
can be investigated.

Subsequently, Kaunda [3] and Kaunda and Martin [4–6] have considered a broad
class of “forward-backward” difference algorithms for the approximation of both
the velocities and accelerations and the internal variable rates. The basic framework
of the internal variable formulation permits a discussion of convergence and stability
for a wide range of choices of the integration parameters. This work is supported by
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calculations using a modified version of PCFEAP, and shows some promise of more
efficient integration procedures.

It was shown [1] that the formulation can be extended to include dynamic effects
in a very simple way, and hence the integration of the dynamic problem has the same
structure as the static problem previously investigated. This permits, again, some
insights into the nature of the problem, and also leads to the practical result that
any static finite element program for elastic-plastic bodies can be easily modified to
analyze dynamic problems.

In this paper, we further develop differential equations of motion and algorithms
using the applications of Liapunov functions for both static and dynamic problems.

2 Internal Variable Formulation of Static Elastic-plastic
Problems

We limit consideration to a fairly simple class of elastic-plastic materials which in-
cludes perfect plasticity, linear kinematic hardening and isotropic hardening. We
also conceive of a spatially discrete representation of the body (say by a finite ele-
ment approximation) in which kinematic behaviour is represented by the variables u

(a vector of the components of nodal point displacements) and λ (a vector of internal
variable components at Gauss points).

The free energy of the body is assumed [1] to be a quadratic function F(u, λ) of
the kinematic variables. A small change in the kinematic variables leads to:

dF = ∂F

∂u
du + ∂F

∂λ
dλ = Rdu − χdλ (1)

The internal forces R(u, λ), acting on the nodes, are conjugate to the nodal dis-
placements u, and the slip forces χ(u, λ) are conjugate to the internal variables λ.
The minus sign is chosen so that χ(u, λ) are the forces applied by the structure to
the slips. As a consequence of the assumption that F(u, λ) is quadratic, both the
internal forces R(u, λ) and slip forces χ(u, λ) are linear in u and λ. A small change
in the kinematic variables leads to:

dR = ∂R
∂u

du + ∂R
∂λ

dλ (2)

−dχ = ∂χ

∂u
du + ∂χ

∂λ
dλ (3)

For linear functions we deduce from equations (2) and (3) the following expressions:

R = Ku + Lλ, where K = ∂R
∂u

, and L = ∂R
∂λ

(4)

−χ = LT u + Hλ, where LT = ∂χ

∂u
, and H = ∂χ

∂λ
(5)
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