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The Smoothed Particle Hydrodynamic (SPH) method as implemented in the commercial code LS-

DYNA has been used to solve the problem of piercing a hole in a stamped shock absorber seat. The 

results are compared to those produced by dynamic analysis using conventional finite element methods 

with material erosion as implemented in LS-DYNA. The SPH method is suitable for modelling of crack- 

ing and tearing phenomena occurring in actual production of the spring seat for some material and proc- 

ess parameters. The SPH stress levels need to be closely interpreted in contour plots than for the FEA 

results though as high stresses remain in the disconnected volumes. A rate dependent plasticity model is 

used in the simulation with data produced by mechanical tests of the materials used. 
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1. Introduction 
 

The main aim of the paper is to highlight advantages of the Smoothed Particle Hy- 

drodynamics (SPH) analysis in comparison with the Finite Element Analysis (FEA). 

These numerical methods are compared for the piercing process widely used in manu- 

facturing. The piercing of a drainage hole is treated here as the benchmark problem. 

The fully formed and pierced shock absorber spring seat is shown in Figure 1. Cur- 

rently the piercing process, which forms part of a progressive tool, has a failure rate of 

70% as a result of the tearing near the valve seat neck for the TM380 material. This is 

due to the high stresses the part is subjected to over the small distance between the 

drainage hole and the valve seat neck. Failure of the forming process can vary from 

unwanted deformation around the hole to tearing of the spring seat. Conventional fi- 

nite analysis with solid continuum elements can hardly be applied to model both the 

piercing and tearing. In the finite element analysis shown here criteria for damage and 

failure modify the stiffness of the working piece as was done in e.g. [5] or [6]. The 

adaptive finite element methods [11] are usually applied to model continuum damage. 
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When the conventional FEA in LS-DYNA was used, some elements were deleted in 

the region susceptible to failure. For the case, when the Smoothed Particle Hydrody- 

namics (SPH) method was used, there was no need for additional modelling to simu- 

late material removal or separation. SPH can be used also to model high velocity im- 

pacts of solids [10] because it is capable to model large deformations. Local effects such 

as cracking or shear bands can be modelled easily when using SPH method [14]. An 

overview of the novel applications of SPH in simulating materials processing is given 

by Cleary et al. in [2]. The LS-DYNA package with SPH was used for high speed cut- 

ting simulation by Limido et al. [7]. 
 

 
 

Fig. 1. Shock absorber spring seat 

 

 
 

Fig. 2. The finite element meshes for the punch surface, the blank and supporting die surface 
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2. Piercing problem formulation 
 

2.1. Formulation of elastic-plastic problem 
 

The piercing problem can be formulated in the Eulerian framework because the 

thickness of the blank is small and displacements of material points are also small in 

the direction of the tool motion. In this framework, the elastic-plastic problem is de- 

fined by the following set of equations and relations: 

 The balance of momentum in the material description is written as 
 

ou i (xi , t) ij , j (xi , t) obi (xi , t) 0, (1) 

 

where: 

ui (x, t) – is the displacement, 

σij (xi, t) – are body forces per unite volume, 

xi – the Cauchy stress, xi is the position of a space point, 
t – time. 

 The strain rate decomposition is defined by 
 

e p , ij  ij   ij (2) 

 

where: 
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– the total strain rate, 
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e 

ij – the elastic fraction of strain rate, 

 p – the plastic part of strain rate. 

 The stress evolution is described by the elastic-plastic constitutive equation 
 

 ij  Cijklkl , 

 

 

 

 

 

(3) 

 

where: 

Cijkl – the elastic-plastic modulus. 

 The Maxwell–Huber–Hencky–von Misses yield criterion with strain hardening 

and without damage effects is expressed as 
 

(s ) 2 2 0, (4) 
ij v y 

 

where: 
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is the Misses stress, 

sij – the deviator of the Cauchy stress defined by sij = σij – ⅓σkkįij, 
σy – the yield stress called also the current yield limit. 

 This yield limit is defined by 
 

 [  f (p  
)], (5) 

 

where: 

σy0 – the initial stress limit or the threshold stress, 

fh – the hardening function, 
p 

eff – the effective strain is related to the material deformation history as it is cal- 

culated as the time integral of nonlinear function of the plastic strain rate 
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 The factor β in the expression (5) accounts for strain rate effects (viscosity) fol- 

lowing the Cowper–Symonds [3] model which scales the yield stress by the strain rate 

and is given by the formula 
 

1 
r 

1 
 
, 

(7) 

C 


where C and r are material parameters defined in [3]. 

 The hardening function fh  in the expression (5) can be defined by using experi- 

mental data from a true stress σtrue vs. true strain İtrue curve by the following steps 
 

true y 0 

E   E 
Eh EY   p  p 

 (8) 
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where: 

EY – the Young modulus of elasticity, 

Eh – the true hardening modulus which fulfils also the relationship Eh 

if EY > Etan. 

 

 
Etan EY 

EY  Etan 
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 The true stress and strain are defined as follows: 

– σtrue = s (1 + İe) where İe is the nominal strain (called also the engineering strain), 
and   is the nominal (or correspondingly engineering) stress. 

– The relationship between true strain and engineering strain is given by  İtrue = 

ln(1 + İe). 
The piercing problem formulation includes also the effect of material failure or 

damage of the blank [11], and there are two ideas to incorporate such effects in the 

analysis of elastic-plastic continuum: 

 the concept applied e.g. by Lee et al. [6], where the Lemaitre damage variable, 

reducing the material stiffness, is evaluated, 

 the technique, utilized by e.g. Casalino at al. [1] and known as the “killing ele- 

mental stiffness” procedure that consists in setting the element stiffness to zero in the 

material damage region. 

Moreover, some material models, which incorporate damage parameters, are avail- 

able in LS-DYNA. In this program it is also possible to choose so-called material ero- 

sion algorithm based on the concept of instantaneous damage associated with a num- 

ber of choices for the damage criterion used for the elimination of some elemental 

stiffness contributions from the global stiffness matrix. In our calculations the criterion 

assessing, when the blank material loses continuity, can be written as 
 

3 
s s    , 

2  
ij  ij f 

 

(9) 

 

where σf – the maximum stress at failure. 

The contact algorithm is used in LS-DYNA to investigate the penetration of a slave 

node through a master element. It is commonly assumed, that the punch is rigid and 

a penalty function based method is used to apply a fictitious force to resist penetration 

that leads to the elimination of the penetration. A penalty scale factor of 0.1 is used for 

the piercing simulation to reduce the contact stiffness. Friction is included in the con- 

tact with both static and dynamic friction coefficients defined by the generalized 

Coulomb friction model. The frictional algorithm evaluates a yield force, and then 

computes the incremental movement of the slave node updates the interface force and 

checks the force against the yield condition. The force is scaled if it exceeds the yield 

force. The actual coefficient of friction that is smoothed combination of static and 

dynamic friction coefficients given by 
 

d (s 

  
d 

) e
c 

v 
,
 

(10) 

 

where: 

μs and μd are appropriately static and dynamic friction coefficients, 
v – the relative velocity, 
c – a decay constant. 
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Fig. 3. The finite element meshes of the three different punches used: 

(from the left to right) concave punch, shear punch, flat punch 

 

 
The boundary conditions for piercing problem [15] can be split as follows: 

 boundary conditions on the surface 
t Γu  where the boundary displacements  are 

given by ui = i (x, ξ), for points x u and time tn , tn 1 , 
 boundary conditions on the blank material surface 

t Γf  defined by the normal 

vector n where the displacement u = 0 and external continuous force, e.g. clamping 

force, f (cl ) is prescribed and equals to t 
n 

1  n , 
j j

 3 
ij   ik   k 

 boundary conditions on the contact surface 
t ΓC with friction expressed in terms of 

tangent and normal surface forces: f 
n  

and f 
( t ) 

. 

The initial conditions are given by uI (x, 0) = 0 and u I x, 00. 

 
2.2. Smoothed particle hydrodynamics 

 
Smoothed particle hydrodynamics is a grid-less method developed in papers by 

Lucy [9] and Gingold and Monaghan [4] and described in further papers by Mona- 

ghan [12–13]. In this method the governing equations describing the deformation 

process occurring during piercing are solved in the domain of individual particles 

with constraints. 

Traditionally, authors describing the SPH method follow the original paper by 

Monaghan [12] and use notation in fundamental SPH formulas appropriate for the 

Eulerian analysis of motion, although formulating a problem for motion of material 

particles. 

SPH is based on an integral transform of the form: 
 

T f x


K x, xf xd x, (11) 
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where K (x, x) is a function of two variables, that is called integral kernel, and is a kind 

of mathematical operator, where the input is a function f ( x) and the output is another 

function T f ( x). Particularly, the kernel K can be the Dirac delta function 
 

x x 



0 

x x 
x x


(12) 

 

and then the integral transformation is defined by 
 

Tf x


f xx xdx. (13) 

 

For SPH [8] the Dirac function is replaced with a smoothing function W (x – x, h 

(x)) of the form 
 

W x x, hx 
1 x x, 

hx3
 

 

(14) 

 

where the vector xis a position vector of an arbitrary particle in the neighbourhood of 

the particle assigned to the position vector x, and h(x) is the smoothing length which 

varies in space time and determines the area of influence of the kernel [7]. 
 

 
 

Fig. 4. The punch surface, SPH volumes and supporting die surface 



72 M. MABOGO et al. 
 

1 
3 

u 
2 

3 
u 

3
 











 

The interpolating function, θ is usually taken as the cubic B-spline 
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(15) 

 

where: 

C – a normalization constant, 

u – represents the variable that is interpolated and for SPH it can be applied as the 

difference between the position vector assigned to an optional particle and vectors 

assigned to it’s neighbours [8]. Now, due to the spline approximation and expressions: 

(14), and (15), the kernel  is possessed of useful properties: the “weighting” func- 

tion property, the į-Dirac property and fulfils the compact support condition: 
 

W x x, hx1, 




lim W x x, hxx x, 
h0 

(16) 

 

(17) 

 

W x x, hx0 when x xh . (18) 
 

Then the integral transformation defined by (13) can be written in the form 
 

Tf x


f xW x x, hxdx, (19) 

 

and the transformation for a gradient of f (x) is written as 
 

T f x

f xW x x, hxdx. (20) 

 

Replacing the integrals in the relations (19) and (20) by sums, the conservation equa- 

tions for the piercing problem can be expressed as 

Conservation of mass 
 

dI 

I 

N 
 J m J vk 

 
I vk IJ W 

,
 

 
(21) 

dt J 1 J  I xk 
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Conservation of momentum 
 

N   dI vk   mI 
kl   J kl  IJ W 

(22) 
J 1 

J  
I 


J  , I xk 

 

Conservation of energy 
 

dI E I kl 
 2 

N 
J m J vk I vk IJ W 

,
 

 
(23) 

dt I  
J  1 

I xk 

   


where: 

(I )  and (J )  are taken for I-th and J-th particles, 

(J ) m – the mass of the particle, 

(J ) ρ – the density of particle, the smoothing function for particles, 
labelled by (I) and (J), is defined by (I, J )W = W ((I ) x – (J ) x , h) 
The same contact algorithms used for the continuum model can be used for the 

SPH model with the SPH particles or elements acting as the slave element in contact. 
 

3. Numerical results 

The piercing problem is solved by FEA (finite element analysis) and SPH for three 

different shapes of the punch and two different materials. 

Results produced by SPH method for three different punches: flat, concave, and 

shear, for TM380 steel are presented in Figures 5–7. SPH results for the HR190 steel 

are only shown for the flat punch in Figure 8. 

The same three punches are also used when solving the problem by applying FEA. 

Numerical results for FEA for two different materials: TMS380 steel, and HR190 

steel, are presented in Figures 9–14. 

Regrettably, numerical results obtained for SPH and FEA, can not be evaluated 

against results of experimental tests, conducted by our industrial partners, because 

they does not permitted us to publish results produced solely for them. 

The meshes of the solid blank material, punch and die used for the simulation are 

shown in Figure 2. The blank is meshed with 397 001 solid tetrahedral elements com- 

prised of 86 749 nodes. Solid elements are used rather than shell elements because the 

analysis is confined to a relatively small region so that the plate is relatively thick. The 

meshes of the rigid dies used for the three punch types are shown in Figure 3. The 

rigid punch and supporting die are composed of 13 786 shell elements for the discreti- 

zation of contact areas. 

The SPH analysis focuses on the flat punch for piercing the TM380 steel as this 

is the one used to produce the physical specimens exhibiting the aforementioned 

failures. The SPH results show that the softer material, i.e. HR190 steel, is less sus- 

dt 2 2 
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ceptible to cracking during piercing. This becomes clear, when comparing Figure 5 

and Figure 8 where there is a tear opening up in the former but nothing significant in 

the latter. 
 
 

 
 

Fig. 5. SPH Results for TM380 steel using the flat punch 

 

 
 

Fig. 6. SPH Results for TM380 steel using the concave punch 
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Fig. 7. SPH Results for TM380 steel using the shear punch 

 

 
 

Fig. 8. SPH Results for HR190 steel using the flat punch 

 

All three punch geometries produce some cracking or tearing for the TM380 steel 

as can be seen in Figures 5–7 with the most significant tear occurring for the flat 

punch and a smaller tear starting for the shear punch. The concave punch seems to cause 
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failure in two significant cracks rather than one single tear. Figures 5–7 show a sepa- 

ration of SPH cells corresponding to the separation of material which indicates tear- 

ing. This separation is most clearly visible at the centre of Figure 5 in the vicinity of 

the punch above the blank holder. 

In contrast, FEA analysis with damage does not show the same crack initiation or 

tears for the TM380 material for any of the punches as can be seen in Figures 9–11. 

As the damage model used in FEA is suitable to model the material removal during 

the piercing operation, as shown in Figures 9–14, the problem with the modelling of 

the cracks would lie in the fact, that there is not enough strain localization effects in 

the constitutive equations to produce a high enough stress in the expected failure zone 

to cause failure. From the presented results it can be seen, that one would have to de- 

velop a more sophisticated model of a material with damage effects to improve this 

kind of FEA analysis, whereas the material model presently available in LS-DYNA 

and used together with SPH method is suitable to reproduce the same effect as ob- 

served in the appropriate manufacturing process. 
 

Table 1. Maximums of Misses stress, plastic strain and fraction of erode volume for TM380 steel 

Punch shape 
Max. Misses 

stress 

Max. plastic 

strain 

Max. fraction of 

erode volume 

Flat punch 668 MPa 0.399 0.0663 

Concave punch 569 MPa 0.399 0.0614 

Shear punch 663 MPa 0.382 0.0573 
 

Table 2. Maximums of Misses stress, plastic strain and fraction of erode volume for HR190 steel 

Punch shape 
Max. Misses 

stress 

Max. plastic 

strain 

Max. fraction of 

erode volume 

Flat punch 589 MPa 0.390 0.0565 

Concave punch 556 MPa 0.405 0.0563 

Shear punch 583 MPa 0.397 0.0476 

 

One would reason that the punch producing the least amount of volume fraction of 

removed material, and still able to penetrate the blank, would do the least damage and 

have the best dimensional conformity. The volume fraction of removed material evalu- 

ated in FEA is summarized in third columns of Tables 1 and 2. This shows that the flat 

punch is the worst performing punch, the concave punch is better in the case of the 

softer material and the shear punch significantly better than both for both the harder 

and softer steels. This can be ascribed to the graded contact corresponding to the slope 

of the punch, which produces higher levels of localized shear. 

The shear punch is the best punch for maintaining dimensional conformance as can 

be seen in Tables 1 and 2 by the amount of material eroded. The concave punch how- 

ever, produces the lowest levels of stress for both the harder and softer materials. This 

might have implications for the wearing of the punch and the residual stresses around 

the hole. 



Numerical simulation of piercing using FEA with damage and SPH method 77 
 

 

 
 

Fig. 9. Stress contours for FEA of piercing for the flat punch and TM380 steel 

 

 
 

Fig. 10. Stress contours for FEA of piercing for the concave punch and TM380 steel 

 

In terms of computational cost there was a significant increase in time increments 

for establishing initial contact required for the concave punch in the case of the softer 

material. The analysis is taking almost twice as long in terms of ‘real world’ time (the 

wall time). The fact that it this problem only arose with the softer material indicates 

that it is related to the cost of computation of initial plastic yield for the punch, which 

has an initially sharper contacting surface over the other geometries. 
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For the concave punch, the maximums for the Misses stress and erode volume are 

significantly lower than for other punch geometries. This indicates that the concave 

punch does not draw the material as much as the other punches and the strain energy 

dissipates more readily. 
 

 
 

Fig. 11. Stress contours for FEA of piercing for the shear punch and TM380 steel 

 

It is more difficult to determine the residual stress of the remaining material for 

SPH analysis, as stresses are much higher than for the FEA results for the TM380 

material, where tearing has occurred but the higher stresses appeared in the ejected 

material. On the other hand, SPH results for the HR190 steel shows stress levels com- 

parable to the FEA. 
 

4. Conclusions 
 

We have shown numerical results obtained both for FEA and SPH analysis for 

piercing of elastic-plastic blank with incorporated damage effects. FEA with damage 

or tearing effects is combined with deletion of finite elements in the region, where the 

physical slug of material is produced when a hole is produced. The simulation was 

conducted for three different punch geometries and two materials. Two steels: TM380, 

and HR190, were selected for analysis. The former material is comparatively harder 

than the latter. 

The FEA does not produce the localized damage in the forms of tears or cracks in 

the vicinity of the hole close to the valve seat. The stresses in this area are relatively 

high but still below the threshold that would indicate potential failure. The energy is 
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dissipated by the removal of the slug, containing a portion of energy, without produc- 

ing the strain localization that is not sufficient to induce failure in the material separa- 

tion region. 
 
 

 
 

Fig. 12. Stress contours for FEA of piercing for the flat punch and HR190 steel 

 
 

 
 

Fig. 13. Stress contours for FEA of piercing for the concave punch and HR190 steel 

 

The three punch geometries are selected for the piercing simulation: the flat punch, 

the concave punch, and the shear punch. The flat punch, which is currently used by 
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industry, has been found as the worst in terms of the residual von-Misses stresses in- 

duced in the finished part and the dimensional conformance. 

The shear punch is performed slightly better, although with some additional com- 

putational cost in numerical solution due to the greater initial yielding of the softer 

material. The concave punch performed the best of the three, especially in terms of 

volume fraction of material removed as well as in terms of the smallest residual 

stresses for both materials. 
 

 
 

Fig. 14. Stress contours for FEA of piercing for the shear punch and HR190 steel 

 

The observed failures in the production of physical parts are better simulated with 

the use of SPH method. Cracking and tearing has been produced in the area of the 

blank identified as being susceptible to this. SPH results also confirmed that the softer 

HR190 material would not produce significant failures in this region as found in pro- 

duction. Where material becomes disconnected from the structure in the SPH method 

it appears that an over prediction of stress levels occurs. Therefore, one should very 

carefully study the actual levels of stress for the part which is still connected and 

where stress can still be released throughout the blank structure. Aside from this ca- 

veat, SPH method appears to give comparable result to FEA results and is suitable to 

model the strain localization that produces crack tearing. 
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