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This study is devoted to investigate the thermal stability of a reactive viscous combustible fluid flowing 

steadily through a channel filled with a saturated porous medium. It is assumed  that  the  system 

exchange heat with the ambient following Newton’s cooling law and the reaction is exothermic under 

Arrhenius kinetics, neglecting the consumption of the material. The Brinkman model is employed and 

analytical solutions are constructed for the governing nonlinear boundary-value problem using a pertur- 

bation technique together with a special type of Hermite-Padé approximants and important properties of 

the temperature field including bifurcations and thermal criticality are discussed. 

   

 
  

 

1. Introduction 

 
The problem of forced convection in a channel filled with a por- 

ous medium is a classical one at least for the case of slug flow 

(Darcy model). However, studies related to thermal ignitions and 

heat transfers in inert porous media are extremely useful in 

improving the design and operation of many engineering equip- 

ments [2,7,10]. For instance catalytic converter used in an automo- 

bile’s exhaust system is one innovation that had helped a lot in 

emission problems. A catalytic converter consists of an insulated 

chamber containing a porous bed, or substrate, coated with cata- 

lytic material through which hot exhaust gas must  pass  before 

being discharged into the air. The catalyst is one of a variety of 

metal oxides, usually  platinum  or  palladium,  which  are  heated 

by exhaust gas to about 500 C (900 F, 737 K). At this temperature 

unburned hydrocarbons and carbon monoxide are further oxi- 

dized, while oxides of nitrogen are chemically reduced in a second 

chamber with a different catalyst (see Fig. 1). By using both a 

reducing and oxidizing catalytic converter, we can lower the 

activation energy for the HC, CO and NO so that they more quickly 

react to form less noxious products. 

For efficiency of conversion, extremely large surface areas are 

required. These are accomplished by ingenious micro-structural 

engineering of the ceramic support structure. Two types of struc- 

ture are made; pellets and honeycomb monoliths (see Fig. 2). The 

pellets are porous beads approximately 3 mm (1/8 inch) in diame- 

ter. With a single pellet having up to 10 mm2  of internal pore 
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surface area, one litre of pellets can have up to 500,000 m2 of sup- 

port surface. The pellet material is often alumina (aluminium 

oxide, Al2O3). High internal porosity is achieved by carefully burn- 

ing off the organic additives and by incomplete sintering. Honey- 

comb monoliths have 1000 2000 longitudinal pores 

approximately one millimetre in size separated by thin walls. 

The material is commonly cordierite, a magnesium aluminosilicate 

(Mg2Al4Si5O18) known for its low thermal expansion. The extruded 

cordierite structure is coated with a wash of alumina, which in turn 

supports the platinum catalyst particles. The surface area of the 

monolith is typically in the range of one square metre; however, 

this figure must be multiplied many times because of the porosity 

of the alumina on the surface. 

Moreover, the influence of convective heat exchange with the 

ambient on the smooth operation of such system cannot be under 

estimated. In order to ignite, stabilize and operate under steady- 

state conditions, the thermal criticality of a burner based on com- 

bustion in inert porous media like catalytic converter must be 

determined with respect to convective cooling effect [9]. Mean- 

while, thermal ignition and heat transfer in inert porous media 

constitutes a nonlinear reaction diffusion problem and the long- 

term behaviour of the solutions in space will provide us an insight 

into inherently complex physical process of thermal runaway in 

the system [6,10]. In this present study, the thermal stability of a 

reactive viscous fluid flowing steadily through a porous-saturated 

channel with convective cooling at the boundaries is investigated 

using a special type of Hermite-Padé approximants [5 8,11]. The 

mathematical formulation of the problem is established and solved 

in Sections 2 and 3. In Section 4, we introduce and apply some 

rudiments   of   Hermite-Padé   approximation   technique.   Both 
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Fig. 1. A picture showing the operation of a catalytic converter in an exhaust pipe. 

 

numerical and graphical results are presented and discussed quan- d
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titatively with respect to various parameters embedded in the sys- 
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Consider a steady-state hydrodynamically and thermally devel- 

oped unidirectional flow of a viscous combustible reacting fluid in 

the x-direction between impermeable boundaries at y = ±H, filled 

with a homogeneous and isotropic porous medium and subjected 

to a convective cooling at the boundaries as illustrated in Fig. 3 

below. 

Neglecting reactant consumption, the governing momentum 

and energy balance equations are 

Eq. (1) is a well-known Brinkman momentum equation [2] while 

the additional viscous dissipation term in Eq. (2) is due to Al-Hadh- 

rami et al. [1] and is valid in the limit of very small and very large 

porous medium permeability. 

The appropriate boundary conditions are 

dT 

u ¼ 0;   k 
dy 

¼   hðT    TaÞ;   on y ¼ H; ð3Þ 

du dT 

dy 
¼ 

dy 
¼ 0;   on y ¼ 0; ð4Þ 

 
 
 

u 0 , 

 
y 

k 
dT  
dy 

 

h (T 

 

Ta ) 
 

 
y H 

 

 

 
 

 

 

 

 

 

 

 

 
 

Fig. 2. A  ceramic  honeycomb catalyst  structure of a  catalytic converter (porous 
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matrix). Fig. 3. Schematic diagram of the problem. 
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absolute temperature 

Biot number 

axial distance 
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critical parameter 

activation energy parameter 

viscous heating parameter 

porous medium permeability parameter 

dimensionless temperature 

critical exponent 

            
    

u( y ) 
     

           
           C om bust ible visc ous ma teri l 

  
           
           
           

 



O.D. Makinde / Applied Thermal Engineering 29 (2009) 1773–1777 1775 

 

a a 

2 

2     2 

 

where T is the absolute temperature, P is the fluid pressure, Ta is the 

ambient temperature, h is the heat transfer coefficient, k is the ther- 

mal conductivity of the material, K is the porous medium perme- 

ability parameter, Q is the heat of reaction, A is the rate constant, 

E is the activation energy, R is the universal gas constant, C0 is the 

initial concentration of the reactant species, (x, y) are the distance 

measured in the axial and normal directions, respectively, and l 

is the combustible  material  dynamic  viscosity  coefficient.  Let 

M = (H2/Ul)(dP/dx) be a constant axial pressure gradient parame- 

ter and U the fluid characteristic velocity. We introduce the follow- 

ing dimensionless quantities into Eqs. (1) (4): 

   E   

cial  type  of  Hermite-Padé  approximation  technique  [6 8]  (see 

the Appendix for more details). 

 
5. Results and discussion 

 
It is very important to note that an increase in the value of b sig- 

nifies a decrease in the porous medium permeability and an in- 

crease value of Biot number Bi shows the convective cooling 

effect on the system. The bifurcation procedure above is applied 

on the first 21 terms of the solution series and we obtained the re- 

sults shown in Tables 1 and 2 below: 
The result in Table 1 shows the rapid convergence of our pro- 

h ¼ 
EðT   TaÞ 

RT2
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cedure for the dominant singularity (i.e., kc) together with its 

corresponding critical exponent ac  with gradual increase in the 
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ð5Þ number of series coefficients utilized in the approximants. In 
Table 2, we noticed that the magnitude of thermal criticality at 

very large  activation  energy  (e = 0)  increases  with  increasing 
? 1). This shows clearly that increas- 

Bi ¼  
k 

; 

and obtain the dimensionless governing equation together with the 

corresponding boundary conditions as (neglecting the bar symbol 

for clarity); 

d
2
W 

dy2        
b W þ 1 ¼ 0; ð6Þ 

values of Biot number (Bi 
ing convective cooling on the system due to heat transfer to the 

surrounding environment will delay the appearance of thermal 

runaway in a reactive viscous flow of a combustible fluid. It is 

noteworthy also that a decrease in the porous medium perme- 

ability under convective heat transfer may lead to an increase 

in the magnitude of thermal ignition criticality, hence, producing 

the same effect on the system. A slice of the bifurcation diagram 

d
2 
h ð h  Þ  

dW
 2 for e > 0 is shown in Fig. 4. In particular, for every b P 0 and 

dy2 
þ kðe 1þeh    þ d   

dy
 

dh 

þ db W Þ ¼ 0; ð7Þ 

W ¼ 0; 

dy 
¼   Bih;   on y ¼ 1; ð8Þ Table 1 

Computations showing the procedure rapid convergence (e = 0, b = 0, d = 1, Bi = 1) 
dW dh 

dy  
¼ 

dy 
¼ 0   on y ¼ 0; ð9Þ 

where k, e, d, b, Da, Bi represent the Frank Kamenetskii parameter, 

activation energy parameter, the  viscous  heating  parameter  and 

the porous medium permeability  parameter,  the  Darcy  number 

and Biot number, respectively. In the following sections, Eqs. (6)  

(9) are solved using both perturbation and multivariate series sum- 

mation techniques. 
 

 

3. Perturbation method 
Table 2 

Computations showing thermal criticality for different parameter values (e = 0) 
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h 

 

Substituting the solution series (10) into Eq. (7) and collecting the 

coefficients of like powers of k, we obtained and solved the equations 

of the coefficients of solution series together with as well the series 

for the maximum temperature hmax = h(y = 0; Bi, b, d, e, k) iteratively 

using a computer symbolic algebra package (MAPLE) (see the 

Appendix). 

 
4. Thermal criticality and bifurcation study 

 
Theoretical study of thermal criticality or non-existence of stea- 

dy-state solution to nonlinear problems for certain parameter val- 

ues is extremely important from application point of view. This 

characterizes the thermal stability properties of the materials un- 

der consideration and the onset of thermal instability phenome- 

non. In order to determine the appearance of thermal instability 

in the system together with the change in the flow field as the 

Frank Kamenetskii parameter (k > 0) increases, we employ a spe- 
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Fig. 4. A slice of approximate bifurcation diagram in the (k, hmax(Bi, b, d)) plane. 

d N hmax kc acN 

2 12 1.206846650 0.24510946547 0.498957 

3 15 1.206869358 0.24510958678 0.499868 

4 18 1.206869869 0.24510958633 0.500000 

5 21 1.206869866 0.24510958631 0.500000 

 

It is very easy to obtain the solution for the fluid velocity profile 

xactly (see the Appendix), however, due to the nonlinear nature 

f the temperature field Eq. (7), it is convenient to form a power 

eries expansion in the Frank Kamenetskii parameter k [3], i.e., 

1 

¼ 
X 

hik
i
: ð10Þ 

Bi d b hmax kc acN 

1.0 1.0 0.0 1.206869866 0.24510958631 0.500000 

1.0 1.0 0.3 1.204411815 0.24579645829 0.500000 

1.0 1.0 0.5 1.199093771 0.24721416184 0.500000 

10.0 1.0 0.1 1.260789659 0.67622938302 0.500000 

100.0 1.0 0.1 1.255412460 0.80577290546 0.500000 

1 1.0 0.1 1.254233326 0.82290804968 0.500000 

i¼0 
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Appendix A 

 
This appendix gives the solutions to Eqs. (6) (9) for fluid veloc- 

ity and temperature obtained using the MAPLE. 
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Fig. 5. Fluid velocity profile: , b = 1.0; ooo, b = 2.0; +++, b = 3.0. 
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Fig. 6. Fluid temperature profile: Bi = 10; b = 0.1, d = 1.0; , k = 0.1; ooo, k = 0.2; 

+++, k = 0.3. 

 

 

 

Bi > 0 there is a critical value kc (a turning point) such that, for 

0 6 k < kc there are two solutions (labeled I and II) and the solu- 

tion II diverges to infinity as k ? 0. The fully developed dimen- 

sionless velocity distribution is shown  in  Fig.  5.  We  observed 

that the magnitude of the  fluid  velocity  increases  and  tend  to 

that of plane Poiseuille flow with a gradual increase in the por- 

ous medium permeability (i.e., b ? 0). Similarly, an increase in 

the fluid temperature is observed  with  increasing  values  of  k 

due to a combine effect of viscous dissipation and exothermic 

reaction as shown in Fig. 6. 

  coshðbyÞ coshðbÞ þ y2Bib4 coshðbÞ2
 

þ 2d coshðbÞb sinhðbÞ  2db
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2 coshðbÞ2 þ 4Bid coshðbÞ2

 

— Bib4 coshðbÞ2Þ=ðBib4 coshðbÞ2 Þþ Oðk
2 Þ ðA3Þ 

 

Appendix B 

 
This  appendix  describes  the  Hermite-Padé  approximation 

method employed in Section 4. 

Hermite-Padé approximation method: Suppose the partial 

sum 

N 1 

UN 1ðkÞ ¼ 
X 

aik
i ¼ UðkÞ þ Oðk

N Þ  as k ! 0; ðB1Þ 
i¼0 

is given [11]. It is important to note here that Eq. (13B1) can be used 

to approximate any output of the solution to the differential equa- 

tion (e.g. the maximum temperature hmax, wall heat flux), since 

everything can be Taylor expanded in the k. The accuracy attainable 

by Eq. (B1) is often inadequate, and, indeed, the series may diverge 

[5]. However, we are concerned with the bifurcation study by ana- 

lytic continuation as well as the dominant behaviour of the solution 

by using partial sum in Eq. (B1). Following [4], it is well known that 

the dominant behaviour of any output of the solution to the differ- 

ential equation can be represented for some a and G as 
( 

GðkC kÞa for a–0; 1; 2; .. . 
 

6. Conclusion 

UðkÞ    
GðkC   kÞa

 ln jkC    kj   for a ¼ 0; 1; 2; . .  . 
as k ! kC  

ðB2Þ 

Thermal stability of a reactive viscous fluid flowing through a 

channel filled with a saturated porous medium under the con- 

vective cooling conditions is investigated using perturbation 

technique together with a special type of Hermite-Padé approx- 

imants. We obtained accurately the steady-state thermal critical- 

ity conditions which characterize the onset of thermal instability 

in the system as well as the solution branches. It is observed 

where G is a constant and kc  is the critical point with the exponent 

a. We shall make the simplest hypothesis in the context of nonlin- 

ear problems by assuming that U(k) is the local representation of an 

algebraic function of k. Therefore, we re-parameterized the function 

U(k) in such a way that it can be defined as Fd (U, k) = 0. This is 

achieved by seeking an expression of the form 

that an increase in convective cooling on the system will en- 

hance stability and facilitate a delay in the appearance of ther- 

mal runaway. Finally, the above analytical and computational 

procedures are advocated as effective tool for investigating sev- 

F ðk; U Þ ¼ A ðkÞ þ Ad ðkÞU 

such that 

dþi 

ð1Þ 
þ Ad ðkÞU 

ð2Þ 
þ Ad ðkÞU 

ð3Þ ; ðB3Þ 

eral  other  parameter  dependent  nonlinear  boundary-value 

problems. 
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expression (B4). The requirement in Eq. (B5) reduces the problem to 

a system of N linear equations for the unknown coefficients of Fd. 

The entries of the underlying matrix depend only on the N given 

coefficients ai. Henceforth, we shall take 

N ¼ 3ð2 þ dÞ; ðB6Þ 

so that the number of equations equals the number of unknowns. 

Eq. (B6) gives the condition for chosen the values d, and it is very 

important to note that the value of d depends on the N coefficients 

of the partial sum available. Eq. (B5) is a new special type of Her- 

mite-Padé approximants. Both the algebraic and differential 

approximants form of Eq. (B5) are considered [11]. For instance, 

we let 

Uð1Þ ¼ U;  Uð2Þ ¼ U2 
;  Uð3Þ ¼ U3

; ðB7Þ 

and obtain a cubic Padé approximant. This enables us to obtain 

solution branches of the underlying problem in addition to the 

one represented by the original series. In the same manner, we let 

Uð1Þ ¼ U;  Uð2Þ ¼ DU;  Uð3Þ ¼ D2 U; ðB8Þ 

in Eq. (B4), where D is the differential operator given by D = d/dk. 

This leads to a second order differential approximants and enables 

us to obtain the dominant singularity in the flow field, i.e., by equat- 

ing the coefficient A3N (k) in the Eq. (B5) to zero [6]. Meanwhile, it is 

very important to know that the rationale for chosen the degrees of 

AiN in Eq. (B4) in this particular application is based on the simple 

technique of singularity determination in second order linear ordin- 

ary differential equation with polynomial coefficients as well as the 

possibility of multiple solution branches for the nonlinear problem 

[12]. In practice, one usually finds that the dominant singularities 

are located at zeros of the leading polynomial AðdÞ 
coefficients of 

the second order linear ordinary differential equation in (B8). 

Hence, some of the zeroes of AðdÞ 
may provide approximations of 

the singularities of the series U  and we expect that the accuracy 

of the singularities will ensure the accuracy of the approximants. 

The critical exponent aN can easily be found by using Newton’s 

polygon algorithm. However, it is well known that, in the case of 

algebraic equations, the only singularities that are structurally sta- 

ble are simple turning points. Hence, in practice, one almost invari- 

ably obtains aN = 1/2. If we assume a singularity of algebraic type 

as in Eq. (B2), then the exponent may be approximated by 

a  ¼ 1   
A2N ðkCN Þ 

ðB9Þ
 

N 
DA   ðk  Þ 

:
 

We noted here that Eq. (B2) together with the dominant singu- 

larity (kc) are obtained by substituting Eq. (B2) into the differential 

approximant form of Eq. (B3) and solved simultaneously with the 

coefficient of the highest derivative in the differential approximant 

(i.e., AðdÞ 
(k) = 0). 
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