
Appl. Math. Mech. -Engl. Ed. 30(3), 373–380 (2009) 

DOI:   10.1007/s10483-009-0311-6 
 

 

Applied Mathematics 
and Mechanics 
(English Edition) 

 
 

 

 

 

Thermal criticality for a reactive gravity driven thin film flow of a 
third-grade fluid with adiabatic free surface down an inclined plane ∗ 

 
Oluwole Daniel Makinde 

(Faculty of Engineering, Cape Peninsula University of Technology, 

P. O. Box 1906, Bellville 7535, South Africa) 

(Communicated by Zhe-wei ZHOU) 

 
Abstract  

This study is devoted to the investigation of thermal criticality for a reactive gravity 

driven thin film flow of a third-grade fluid with adiabatic free surface down an inclined 

isothermal plane. It is assumed that the reaction is exothermic under Arrhenius kinetics, 

neglecting the consumption of the material. The governing non-linear equations for 

conservation of momentum and energy are obtained and solved by using a new com- 

putational approach based on a special type of Hermite-Padé approximation technique 

implemented in MAPLE. This semi-numerical scheme offers some advantages over solu- 

tions obtained with traditional methods such as fi te differences, spectral method, and 

shooting method. It reveals the analytical structure of the solution function. Important 

properties of overall flow structure including velocity fi ld, temperature fi ld, thermal 

criticality,  and bifurcations  are discussed. 
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Introduction 

Many fluids used in industrial and engineering processes like geological materials, liquid 

foams, polymeric fluids, slurries, hydrocarbon oils, and grease do exhibit flow characteristics 

that cannot be adequately described by the classical linearly viscous fluid model.  In order 

to describe some of the departures from the Newtonian behaviour evinced by such materials, 

many idealized material models are suggested. One of the earliest classes of such material models 

consists of different type fluids[1]. Fluids of grade n form a special subclass of fluids of complexity 

n, in which the Navier-Stokes fluid is a special one of grade one. Another fluid model of the 

grade type often used to describe the non-Newtonian response is the incompressible fluid of 

grade two. This subclass is capable of describing normal stress effects for steady unidirectional 

flow over a rigid boundary, but it cannot predict shear thinning/thickening properties. The 

third-grade fluid model can predict such effects[2]. 

Flow and heat transfer phenomena over an inclined heated surface have promising appli- 

cations in a number of technological processes, e.g., the production of polymer films or thin 
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sheets, wire drawing, fiberglass, and paper production[3-6]. More specifically, thermal stability 
analysis plays a vital role during the handling and processing of non-Newtonian fluids. Ther- 
mal criticality occurs when the rate of heat generation within the flow system exceeds the heat 

dissipation to surroundings[1,7-8]. This condition is the incipient thermal runaway or ignition 

in the flow system[9]. A primary object of thermal stability analysis is the prediction of the 

critical or unsafe flow conditions[10]. 

In the present study, we extend the work of Siddiqui et al.[2]. In our study, heat transfer 

and thermal stability analyses under Arrhenius kinetics and adiabatic free surface are included. 

This paper is organized as follows. In Sections 1 and 2, the mathematical formulation of the 

problem is established and solved, respectively. In Section 3, thermal criticality condition in 

the flow field is determined by using a new computational approach based on a special type 

of Hermite-Padé approximation technique[6,11]. In Section 4, numerical and graphical results 

are presented and discussed quantitatively with respect to various parameters embedded in the 

system. And in Section 5, brief conclusions are given. 
 

1 Mathematical model 
 

The configuration of the problem studied in this paper is depicted in Fig. 1. 

 

 
 

Fig.  1 Illustration of the problem 

 
As shown in Fig. 1, an inclined heated plate is placed in a parallel stream of a hydrody- 

namically and thermally developed reactive liquid film of a third-grade with an adiabatic free 

surface. The characteristic length in the flow direction is assumed to be typically larger than 

that across the film. This suggests that the lubrication theory can be employed, and the inertia 

terms in the governing momentum and energy balance equations can be easily neglected, since 

we are dealing with a very small aspect ratio problem. Under these conditions, the governing 

momentum and energy balance equations take the form[2] of 
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where the additional Arrhenius kinetic term in the energy balance equation is due to Ref. [9]. 

Here, T is the absolute temperature,  is the thin film thickness, φ is the inclination angle, ρ 

is the fluid density, g is the gravitational acceleration, u is the fluid axial velocity, T0 is the 

plate temperature, k is the thermal conductivity of the material, Q is the heat of reaction, 

A is the rate constant, E is the activation energy, R is the universal gas constant, C0 is the 

y 
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initial concentration of the reactant species, 3 is the material coefficient, and µ is the dynamic 

viscosity coefficient[8]. The following dimensionless variables are introduced into Eqs. (1)–(4): 
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ȳ = 

 
y 

, λ = 

 

QEA 2C0e 

 

−  E   

RT0 

 

, W = 

 
  µu   

, 
RT 2 

 

E 

T 2RK 2ρgsinφ 

( ρgsinφ)2e RT0 

m = 
µQAC0 

,  = 
RT0 

E 
,  = 

3(ρgsinφ)2
 

 

µ3 
. (5) 

Then,  the governing equations together with their corresponding boundary conditions in a 

dimensionless form (neglecting the bar symbol for clarity) become 
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W = 0, θ = 0  on  y = 0, (9) 
 

where λ, , , θ, and m represent the  Frank-Kamenetskii parameter, the activation  energy 

parameter, the non-Newtonian or the material parameter, the dimensionless temperature, and 

the viscous heating parameter, respectively. In the following sections, Eqs. (6)–(9) are solved 

by using both perturbation and multivariate series summation techniques[7,11]. 

2 Perturbation method 
 

Due to  the nonlinear nature of Eqs. (6)–(9) in the velocity and temperature fields, it is 

convenient to form a power series expansion both in the dimensionless non-Newtonian parameter 

 and the Frank-Kamenetskii parameter λ, i.e., 
 

∞ ∞ 
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i=0 i=0 
 

Substituting the solution series in Eq. (10) into Eqs. (6)–(9) and collecting the coefficients with 

the powers of  and λ, we can obtain and solve the equations for coefficients of solution series 

iteratively. The solutions for the velocity and temperature fields are given as: 
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0 

1N 2N 3N 

iN 

iN 

− 256 256my7 3 + 5 712 960my8 5 − 2 428 800my9 5 − 1 339 520my8 4 − 28 028my2
 

+ 154 440ym 2 − 640 640ym 3 + 873 600ym 4 + 10 560my12 5 − 29 120my10 4
 

+ 707 520my10 5 − 126 720my11 5 − 443 520ym 5 + 308 880my3 2 + 2 754 752my4 3
 

− 4 004my4  −8 619 520my4 4 −174 720m 4 − 51 480m 2+160 160m 3 + 73 920m 5
 

− 12 012m  − 10 010my + 5 005my2)λ + O(λ2 ). (12) 

Here, we remark that if we set the material parameter  = 0 in Eqs. (11)–(12), we will recover 

the solution for the classical Newtonian case given in Ref. [12]. The series solution obtained in 

Eq. (11) agrees perfectly well with the result obtained in Ref. [2] for the non-Newtonian case. 

Using a computer symbolic algebra package (i.e. MAPLE), the first few terms of the above 

solution series in Eqs. (11)–(12) are obtained. It is well-known that this power series solution 

is valid for very small parameter values. However, by using the Hermite-Padé approximation 

technique, the usability of the solution series is extended beyond small parameter values as 

illustrated in the following section. Physical quantities of interest  in this problem are  the skin-

friction parameter Cf and the Nusselt number Nu  defined by 

tw dW Eqw dθ 

Cf = 
ρgsin(φ) 

=
 

(0), Nu  = =  − (0), (13) 
dy kRT 2 dy 

where tw = µ du and qw = −k dT
 are the shear stress and the heat flux evaluated on the surface 

dy dy 

of the inclined plane (i.e., y = 0), respectively. 

3 Thermal criticality study 
 

From the application point of view, it is extremely important to determine the appearance 

of thermal criticality or the non-existence of the steady-state solution to nonlinear problems for 

certain parameter values. This characterizes thermal stability properties of the materials under 
investigation and the onset of thermal instability in the system. Suppose that, when λ → ∞, 

the partial sum is[13]
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It is important to note here that Eq. (14) can be used for approximating any output of the 

solution, e.g., the skin-friction Cf and the wall heat flux Nu, since they all can be Taylor 

expanded in a given small parameter. Assume U (λ) is a local representation of an algebraic 

function of λ in the context of nonlinear problems. We seek an expression of the form 
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,  i = 1, 2, or 3, (16) 

Fd (λ, U ) = O(λN +1)  when  λ → 0, (17) 

where d  1.   The condition (16) normalizes Fd,  and ensures that the order of series Ad 

increases when i and d increase. Thus, there are 3(2 + d) undetermined coefficients bij  in the 

expression (17).   The requirement of Eq. (17) reduces the problem to a system of N linear 

equations for the unknown coefficients Fd.  The entries of the underlying matrix depend only 

on N given coefficients ai. Henceforth, we take 

N = 3(2 + d), (18) 

−1 
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A(d) 

DA 

so that the number of equations equals that of the unknown coefficients. Equation (18) gives 

the condition for choosing d, and from it we can note that the value of d depends on the N 

coefficients of the available partial sum. Equation (17) is a new special type of Hermite-Padé ap- 

proximants. In this study, both algebraic and differential approximant forms are considered[7,11]. 

For instance, by substituting 

U (1) = U 1, U (2) = U 2, U (3) = U 3, (19) 

into Eq. (17), a cubic Padé approximant can be obtained. This approximant enables the solution 

branches of the underlying problem in addition to the one represented by the original series to 

be determined.  Similarly, by substituting 

U (1) = U, U (2) = DU, U (3) = D2U, (20) 

into Eq. (17), where D is the differential operator given by D = d/dλ, a second order differential 

approximant can be determined. Thus, by evaluating zeros of leading polynomial coefficients 

3N  of approximant, the dominant singularity in the flow field can be determined[7,11,13]. Fol- 

lowing Ref. [14], we know that the dominant behavior of any output of the solution to differential 
equations can be represented by λ and G as 

  

G(λc − λ)α for   = 0, 1, 2, · · · 
U (λ) ≈ G(λc − λ)αIn|λc − λ|  for   = 0, 1, 2, · · · when  λ → λc (21) 

 

where G is a constant, and λc is the critical point with exponent . If we assume a singularity 

of algebraic type as in Eq. (21), the critical exponent N can be easily found by using Newton’s 

polygon algorithm. Substitute Eq. (21) into Eq. (17), we can obtain 
 

  A2N (λcN )   

N = 1 − 
3N (λcN 

. (22) 
) 

Moreover,  it  is  important  to  note  that  the  only  structurally  stable  singularities  are  simple 

turning points, and we can almost obtain N  = 1/2 invariably. 

4 Results and discussion 
 

Implementing the Hermite-Padé approximation procedure above in MAPLE, we can obtain 

the first nineteen terms of the solution series. The results are listed in Tables 1 and 2. 
 

Table  1 Procedure rapid convergence and bifurcation point in the velocity field 
 

d N Cf γc αcN 

1 9 1.500 191 067 753 −0.074 077 212 118 0.499 987 0 

2 12 1.500 000 000 000 −0.074 074 074 074 0.500 000 0 

3 15 1.500 000 000 000 −0.074 074 074 074 0.500 000 0 

4 18 1.500 000 000 000 −0.074 074 074 074 0.500 000 0 

 

From Table 1, we can see that the rapid convergence of the dominant singularity c (i.e, 

material parameter) and its corresponding critical exponent c with a gradual increase in the 

number of series coefficients utilized in the approximants. 

From Table 2, we can observe that the magnitude of thermal criticality λc increases with 

the increase of material parameter . This implies that increasing  will enhance the thermal 

stability of a reactive third-grade liquid. 
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θ 

Table  2 Thermal criticality for different parameter values 
 

m γ Nu(ε = 0) λc(ε = 0) Nu(ε = 0.1) λc(ε = 0.1) αcN 

1.0 0.0 2.261 183 014 0.822 953 793 64 2.880 649 155 3 0.933 010 858 0.5 

1.0 0.1 2.220 383 775 0.828 179 570 25 2.830 054 975 8 0.938 233 454 0.5 

1.0 0.2 2.171 410 516 0.834 613 844 62 2.769 335 301 5 0.944 659 687 0.5 

1.0 0.3 2.125 981 548 0.841 182 874 76 2.712 678 512 6 0.951 214 694 0.5 
 

The fluid velocity u with respect to the material parameter  is shown in Fig. 2. From 

the figure, we can see that a transverse increase in the fluid velocity with the maximum value 

is on the free surface, and the magnitude of fluid velocity increases with the increase of . 

Moreover, the solution converges to the Newtonian case when  decreases to zero. This result 

is in agreement with that obtained by Siddiqui et al.[2]. 

The typical variation of the fluid temperature T for m=1 and  = 0 in the normal direction 

is shown in Fig. (3). From the figure, we can observe that the fluid temperature is minimum 

on the inclined plate surface and attains its maximum value on the adiabatic fluid free surface. 

From the figure, we can also see that an increase of the Frank-Kamenetskii parameter λ due to 

the Arrhenius kinetics causes a further increase in the fluid temperature. 
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Fig.  2 Fluid velocity u with respected to 

material parameter γ 
Fig.   3 Temperature θ with respected to 

Frank-Kamenetskii parameter λ 
 

Figure 4 shows a bifurcation point, i.e., a turning point, occuring in the flow field of ( c, 

Cf )= (−2/27, 3/2). From the application point of view, the solution branch in the positive axis 

of non-Newtonian parameter  in this figure is the physically realistic solution. From Fig. 4, 

we can observe that the wall shear stress decreases with the increase of . 

A  slice of the  bifurcation diagram for  > 0  in  the (λ,  Nu) plane  is shown in  Fig. 5.   It 

represents  the  variation of  the  wall  heat  flux  Nu  with  the  Frank-Kamenetskii parameter  λ. 

When λ → 0, the solution is unique. However, for every 0    0.1, there is a critical value 

of λc, i.e., a turning point, such that there are two solution branches labeled I and II within 

the region of 0 < λ < λc  as  shown  in  Fig. 5.  Moreover,  the  solution  branch I  shows  that 

the heat flux Nu on the inclined plate surface increases with the increase of the exothermic 

chemical kinetics in the  flow  system.  This  is  very realistic  for  the  applications.  However, 
this phenomenon is opposite for the second solution branch II due to the non-linear Arrhenius 
kinetics in the governing thermal boundary layer equation (2). When λc < λ, the system has no 

real solution and displays a classical form indicating the thermal runaway. It is noteworthy that 

the magnitude of λc increases with the decrease in the liquid activation energy (  = 0.1). Hence, 

the early development of thermal runaway is prevented, and the thermal stability enhances[9]. 
From the application point of view, the determination of the thermal criticality condition 

(λc) in a flow system is extremely important.  This condition is the incipient thermal runaway 

u
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Fig. 4 A bifurcation diagram in the (γ, 

Cf ) plane for a third-grade liq- 

uid 

Fig. 5 A slice of approximate bifurca- 

tion diagram in the (λ, Nu) plane 

with m = 1 and γ = 0.2 

 
 

or ignition in the flow system[10]. To avoid critical or unsafe flow conditions, a primary object of 

thermal criticality analysis is performed. Our analysis reveals that the non-Newtonian reactive 

fluid is more thermally stable than the Newtonian reactive fluid in industrial processes. 

 

5 Conclusions 

 

In this paper, the hydrodynamically and thermally developed flow of a third-grade liquid 

film along an inclined heated plate with an adiabatic free surface is investigated using a special 

type of Hermite-Padé approximation technique. The procedure reveals accurately the thermal 

criticality conditions and various solution branches. It is observed that an increase in the ma- 

terial parameter enhances the thermal stability of the liquid. Furthermore, our analysis reveals 

that the non-Newtonian third-grade reactive fluid is more thermally stable than the Newtonian 

reactive fluid in industrial processes. Our series summation procedure can be used as an effec- 

tive tool to investigate several other parameter-dependent nonlinear boundary-value problems 

in science and engineering. 
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