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This study is devoted to investigate the inherent irreversibility and thermal stability in a reactive electrically con- 

ducting fluid flowing steadily through a channel with isothermal walls under the influence of a transversely im- 

posed magnetic field. Using a perturbation method coupled with a special type of Hermite–Pade´ approximation 

technique, the simplified governing non-linear equation is solved and the important properties of overall flow 

structure including velocity field, temperature field and thermal criticality conditions are derived which essen- 

tially expedite to obtain expressions for volumetric entropy generation numbers, irreversibility distribution ratio 

and the Bejan number in the flow field. 

 

 
Keywords: Hydromagnetic channel flow; Entropy analysis; Thermal criticality; Arrhenius kinetics; Hermite- 

Padé approximants 

 

Introduction 

 
In many industrial and engineering systems, techno- 

logical units and machines operating under different se- 

vere conditions require various kinds of fluids as lubri- 

cants. Generally, the viscosity of lubricating oils often 

decreases with increase in temperature. This variation in 

lubricant viscosity will certainly affect its effectiveness. 

In order to avoid undesirable viscosity change with tem- 

perature, the use of electrically conducting fluids and 

magnetic liquids has received great attention [1, 2, 14, 18, 

19]. Hydromagnetic lubricants have higher thermal and 

electrical conductivity, but lower viscosity than conven- 

tional lubricating oils. The high thermal conductivity 

means that heat generated by viscous friction can be 

readily conducted away. But the low viscous property 

would yield a reduced load-carrying capacity. But, this 

low-load disadvantage of an electrically conducting 

fluid-lubricated bearing can be improved by the applica- 

tion of external electromagnetic fields. However, Ohmic 

heating due to the electrical current increases the viscos- 

ity of the lubricant. A number of experimental and theo- 

retical researches into the dynamic of hydrodynamic lu- 

bricants in bearing characteristics have been presented. 

Typical examples are observed in the study of the mag- 

netic effects on hydrostatic bearings [4, 11, 17, 22, 24, 26, 

29, 30]. 

Furthermore, hydromagnetic reactive flows are often 

accompanied with heat transfer in many industrial and 

engineering applications, for instance in thermo- hydro- 

dynamic lubrication of rotating thrust bearings [10, 28]. 

Borkakati and Bharali [8] obtained asymptotic solutions 

for heat transfer in the hydromagnetic flow between two 

non-conducting porous disks (one rotating and other sta- 
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Nomenclature 

T 

C0 

 

temperature (K)                     

reactant species initial concentration 

 

R 

Ha 

 

universal gas constant 

Hartmann number 

Re Reynolds number B0 magnetic field strength 

U mean velocity (ms
1

) Be Bejan number 

a channel half width (m) Ns entropy generation number 

Pe Peclet number Greek letters  

Br 

k 

Brinkman number 

thermal conductivity coefficient (Wm
1 

K
1

) 




fluid density  

electrical conductivity 

Q heat of reaction (W) ε channel aspect ratio 

A 

u 

reaction rate constant 

axial velocity (ms
1

) 




Frank-Kamenetskii parameter 

activation energy parameter 

( x , y ) coordinate system (m)  viscous heating parameter 

L channel characteristic length (m) c critical exponent 

E activation energy c thermal criticality value 

G Constant axial pressure gradient  irreversibility distribution ratio 

T0 wall temperature (K)  wall temperature parameter 

 

tionary) with a transverse uniform magnetic field and 

uniform suction present, showing that temperature dis- 

tribution and heat flux increased with the increase of 

magnetic field i.e. with Hartmann number. Moreover, the 

determination of thermal criticality in a reactive hydro- 

magnetic flow system (especially with the involvement 

of Joule heating) is extremely important from the appli- 

cation point of view. Thermal criticality occurs when the 

rate of heat generation within the flow system exceeds 

the heat dissipation to the surroundings [3, 20]. This con- 

dition is incipient thermal runaway or ignition in the flow 

system [12]. A primary objective of thermal criticality 

analysis is the prediction of the critical or unsafe flow 

conditions in order to avoid them [7]. 

Meanwhile, thermodynamic irreversibility occurs  in 

the flow system due to fluid friction and heat transfer. 

The amount of thermodynamic irreversibility gives in- 

sight into the losses associated within the thermal system. 

Entropy production rate provides information on the 

amount of thermodynamic irreversibility in the system. 

Consequently, prediction of entropy generation due to 

different flow conditions enables to determine the flow 

system with minimized losses. Considerable research 

work was carried out to investigate the importance of 

entropy generation in the thermal systems [5, 6, 23]. The 

inherent irreversibility for a gravity driven non-Newto- 

nian Ostwald-de Waele power law liquid film along an 

inclined isothermal plate is discussed in Makinde [21]. 

The thermodynamics second law characteristics of vari- 

able viscosity channel flow are discussed by Sahin [27]. 

Other applications of second law analysis for some 

steady flow devices can be found in references [25, 27, 

31]. 

The aim of this article is to extend the study of Ref. 

[20] in two directions. On one side, we take into account 

the influence of magnetic field on the flow of an electri- 

cal conducting viscous reactive fluid and, on the other 

hand, an entropy analysis is presented by considering the 

inherent irreversibility in the flow system. To this end, 

we have considered the boundary layer concept of such 

fluids by describing the motion of a reactive hydromag- 

netic lubrication system. The plan of this paper is as fol- 

lows; in sections two and three we describe the theoreti- 

cal analysis of the problem with respect to the fluid ve- 

locity and temperature fields and apply some rudiments 

of Hermite-Padé approximation technique [13, 15, 32] in 

order to obtain the thermal criticality conditions in the 

system. Section four describes the volumetric entropy 

generation rate, irreversibility distribution ratio and the 

Bejan number. The results are presented graphically and 

discussed quantitatively in section five. 

 

Problem Formulation 

 
The configuration of the problem studied in this paper 

is depicted in Fig. 1. The fluid is reactive, incompressible 

and electrical conducting under the influence of a trans- 

 

 
 

Fig. 1   Geometry of the problem 
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verse magnetic field of strength B0. The flow is consid- 

ered to be steady and fully developed between two infi- 

nite parallel isothermal plates. 

Neglecting the reactant consumption, the continuity, 

momentum and energy equations governing the problem 

Perturbation Method 

 
Eq.  (7)  together  with  the  corresponding  boundary 

conditions (9)-(10) can be solved exactly to obtain 

G    cosh( yHa) 
in dimensionless form may be written as [18, 19, 21, 30] u 


v 

0 , (1) 

u( y; Ha 0)  1  


Ha2  cosh(Ha)  


G G 

(11a) 
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  However, in order to solve Eq. (8), it is convenient to 
2 2 take a power series expansion in the Frank-Kamenetskii 
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  parameter , i.e. T( y) T i 
. Substitute the solution 

i0 
2 

Pe 


u 
T 

v 
T 




series into Eq. (8) and collecting the coefficients of like 
 x y 


 

2 2 T   

2 T 

T 

e1T  BrHa
2
u

2 
, (4) 

powers of , we obtained and solved the equations gov- 

erning the coefficients of solution series. The solution for 
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x
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the temperature fields is given as 

r  
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x 


y 
 y x 

 

     
We  have  employed  the  following  non-dimensional 

quantities in Eqs. (1)-(5): 
 

  

  

y 
y 

, x 
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E(T T0 ) , 
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 2LP EU 
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P  , Br 

, Pe cp LU  
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U kRT 2 k  x 

 
E E (12) 

RT QEAa
2
C e 

RT0
 B2

a
2

 U 
2
e

RT0
 Using computer symbolic algebra package (MAPLE), 

 0 , 0 , Ha
2  0 , . 

E T 
2
Rk  QAa

2
C

2
 we obtained the first few terms of the above solution se- 

0 0 

(6) 

Since the channel aspect ratio is small i.e. 0<ε<<1, the 

lubrication approximation based on an asymptotic sim- 

plification of the governing equations (1) –(5) is invoked 

and we obtain, 
2 

ries in Eq. (12). We are aware that this power series 

solution is valid for very small parameter values. How- 

ever, using Hermite-Padé approximation technique [15, 

21, 32], we have extended the usability of the solution 

series beyond small parameter values as illustrated in the 

Appendix section. 

d u  
Ha

2
u G 

dy
2
 

(7) 
 

Entropy Analysis 

2  T 
 

2
 

 Inherent irreversibility in a channel flow arises due to 
d  T  e(1T )  
(

du  Ha
2
u

2 
) 0 (8) 


dy

2
 




dy   

the exchange of energy and momentum within the fluid 


 


with 

and at solid boundaries, thus resulting in entropy genera- 

tion. The general equation for the entropy generation per 

du dT  0,
 on y  =  0, (9) 
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T 

unit volume is given by [5, 6, 23, 25, 27]; 
dy dy 

u  =  0,  T = 0, on y = 1. (10) 

S
m  

k
 
2 

0 

T 2 


. (13) 

T0 

In the following sections, Eqs. (7)-(10) are solved us- 

ing both perturbation and multivariate series summation 

techniques [15, 21, 32]. 

The first term in equation (13) is the irreversibility due 

to heat transfer and the second term is the entropy gen- 

eration due to viscous dissipation. Using equation (13), 
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0 

dy 



 


 

we  express  the  entropy  generation  number  in  dimen- 

sionless form as, 

Table 2   Computations showing thermal ignition criticality 

  and wall heat transfer for various parameter values   (G = 2).   

E 2 a2 Sm  
2 dT  2 

Br du 
Ns        , (14) 

R
2
T 

2 
k  dy 


dy 

where  =RT0/E is  the  wall  temperature  

parameter.  In equation (14), the first term can be 

assigned as N1 and the second term due to viscous 

dissipation as N2, i.e. 
2 

dT 
N1  , 

 

2 

N  Br du 
2  

dy 



. (15) 

In order to have an idea whether fluid friction domi- 

nates over heat transfer irreversibility or vice-versa, Be- 

jan [5] defined the irreversibility distribution ratio as = 

N2/N1. Heat transfer dominates for 0 < 1 and fluid 

friction dominates when > 1. The contribution of both 

heat transfer and fluid friction to entropy generation are 

equal when = 1. In many engineering designs and en- 

ergy optimisation problems, the contribution of heat 

transfer entropy N1 to overall entropy generation rate Ns 

is needed. As an alternative to irreversibility parameter, 

the Bejan number (Be) is define mathematically as [31], 

 

 

 

teresting to note from Table 2 that the magnitude of 

thermal criticality (c) increases with a decrease in the 

magnetic field intensity (i.e. Ha decreases), hence pre- 

venting the early development of thermal runaway and 

enhancing thermal stability in the flow system. However, 

an increase in the magnetic field intensity will augment 

the development of thermal runaway due to the addi- 

tional  Joule  heating  in  the  system.  Furthermore,  it  is 
noteworthy from Table 2 that a decrease in the fluid acti- 

Be 
N1 
Ns 

1 
 

 

1
. (16) vation energy (>0) will enhance the thermal stability by 

increasing the magnitude of thermal criticality parameter 
Clearly, the Bejan number ranges from 0 to 1.   Be = 0 

is the limit where the irreversibility is dominated by fluid 

friction effects and Be = 1 corresponds to the limit where 

the irreversibility due to heat transfer by virtue of finite 

temperature differences dominates. The contribution of 

both heat transfer and fluid friction to entropy generation 

are equal when Be = 1/2. 

 

Results and Discussion 

 
The Hermite-Padé approximation procedure in high- 

lighted in the appendix section was applied to the first 

few terms of the solution series obtained using perturba- 

tion technique in above section and we obtained the re- 

sults as shown in tables (1)-(2) below: 

Table (1) shows the rapid convergence of the domi- 

nant singularity c i.e. the thermal ignition criticality to- 

gether with its corresponding critical exponent c and 

wall heat flux with gradual increase in the number of 

series coefficients utilized in the approximants. It is in- 

 
Table 1   Computations Showing the Procedure Rapid Con- 

vergence for   = 0.0, =0.1, Ha =0.1, G = 2. 
 

 

D N Nu c cN 
 

 

1 9 2.0000308892 0.854914342 0.4999999 

2 12 2.1078010342 0.854937517 0.5000000 

while an increase in the viscous heating parameter () 
will decrease the magnitude of thermal criticality pa- 

rameter leading to early ignition in the system. Figs. 2-3 

show both the velocity and temperature profiles.  The 

fluid velocity is parabolic with maximum value along the 

channel centerline and minimum at the wall. An increase 

in the magnetic field intensity causes a general decrease 

in the fluid velocity. The fluid temperature shows a simi- 

lar profile, however, an increase in Arrhenius kinetics 

rate (>0) in the flow system causes a general increase in 

the fluid temperature. Figs. 4-6 display results for the 

entropy generation rate versus the channel width for 

various parametric values. Generally, entropy generation 

rate is at the lowest in the region around the channel cen- 

terline and increases quite rapidly to its maximum values 

at the channel walls. We note that increasing values of 

Ha results into a decrease in the entropy generation rate 

while increasing values of     and Br-1 
result  

into an increase in the entropy generation rate. Figs. 7-8 

display the Bejan (Be) number versus the channel width. 

We ob- served that heat transfer irreversibility   

increasingly dominates around the central core region of 

the channel with increasing values of Ha and , while  

around the channel walls the fluid friction irreversibility 

increasingly dominate.    A slice of the bifurcation 

diagram for Ha > 0 in the (, Nu) plane is shown in Fig. 

9. It represents the variation of wall heat flux (Nu) with  

Frank-Kamenetski parameter (). In particular, for > 0, 

there exist a critical value c (a turning point) such that, 

for 0 < c there 

Ha   Nu c cN 

0.1 0.1 0.2 4.09426 1.140867 0.5 

0.1 0.1 0.1 2.68170 0.964861 0.5 

0.0 0.1 0.0 2.10848 0.854957 0.5 

0.1 0.1 0.0 2.10797 0.854937 0.5 

0.2 0.1 0.0 2.10644 0.854892 0.5 

0.3 0.1 0.0 2.10386 0.854868 0.5 

0.1 0.5 0.0 2.49099 0.776531 0.5 

0.1 1.0 0.0 2.88964 0.702632 0.5 

 

3 15 2.1079765331 0.854937525 0.5000000 

4 18 2.1079765331 0.854937525 0.5000000 
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are two solutions (labelled I and II). The upper and lower 

solution branches occur due to the nonlinear nature of the 

governing thermal boundary layer equation (Eq. 8). For 

c <  the system has no real solution and displays a 

classical form indicating thermal runaway. 
 

 

Fig. 2   Velocity profile for G=2;         Ha = 1; ooooHa = 2; 

++++Ha = 3. 

 

 

Fig. 3   Temperature profile for Ha =1; =0.1; G=2;  =0.1; 

=0.1; ooooo=0.2; ++++=0.3. 
 

 

 
 

Fig. 4  Entropy generation rate for =0.1; =0.1;G=2; Br-

1 = 0.1; Ha=2; ooooHa=3; ++++++Ha=4. 

Conclusions 

 
The thermal stability and entropy generation rate in 

reactive hydromagnetic lubricants used in industrial and 

engineering systems is investigated theoretically using a 

novel hybrid numerical-analytical scheme based on a 

special type of Hermite-Padé approximants. The proce- 

dure reveals accurately the thermal stability conditions 
 

 

Fig. 5  Entropy generation rate for Ha = 2; =0.1;G=2; Br-

1
 

= 0.1; = 0.1; oooo= 0.2; ++++++= 0.3. 

 

 

Fig. 6   Entropy generation rate for = 0.1; Ha = 2; =0.1; 

G=2; Br-1    =     0.1;     oooooBr-1

  =    0.2; 

++++++Br-1   =  0.3. 

 

 
 

Fig. 7 Bejan number  =0.1; =0.1;G=2; Br-1 =   

0.1; 

  Ha=2; ooooHa=3; ++++++Ha=4. 
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d N 1 0N 1N 

A 3N 

iN b 

2N 

 

determine the appearance of thermal instability in the 

system together as the Frank-Kamenetskii parameter (
>0) increases, we employ a special type of Hermite-Padé 

approximation technique [20, 21, 32] and may be de- 

scribed as follows. Let us suppose that the partial sum 
N 1 

UN 1 () ai 
i0 

i  U () O(N 
) as  0 (A1) 

 

 

 

 
Fig. 8   Bejan number for Ha = 2; =0.1;G=2; Br-1   = 

0.1; 

  = 0.1; oooo= 0.2; ++++++= 0.3. 

is given . Eq. (A1) can be used to approximate any output 

of the solution to the differential equation (e.g. the series 

for the wall heat flux parameter in terms of Nusselt 

number Nu =-dT/dy at y = 1), since everything can be 

Taylor expanded in the . The accuracy attainable by Eq. 

(A1) is often inadequate, and, indeed, the series may di- 

verge [20]. Following [13], it is well known that the 

dominant behaviour of any output of the solution to the 

differential equation can be represented for some and K 

as 


U ()  K ( )

 
for 


0, 1, 2,... 

K (C )  ln C  for 0, 1, 2,... 

 

 

 

 

 

 

 

Fig. 9   A slice of approximate bifurcation diagram in the (A, 

Nu(Ha = 0.1,  = 0.1,=0 )) plane 

as   C (A2) 

where K is a constant and c is the critical point with the 

exponent . We shall make the simplest hypothesis in the 

context of nonlinear problems by assuming that U() is 

the local representation of an algebraic function of . 

Therefore, we re-parameterized the function U() in such 

a way that it can be defined as Fd(U, )=0. This is 

achieved by seeking an expression of the form 

and various solution branches. The volumetric entropy F  (,U ) A    () Ad  
()U 

(1)  
(A3) 

generation rate and the Bejan number depend on group 

parameter   (BrΩ
¹),   Hartmann   number   (Ha),   Frank- 

Kamenetskii number () and activation energy parameter 

 
such that 

d   
()U 

(2) Ad
 

 
d i 

()U 
(3)

 

(). An increase in  and BrΩ-
¹ enhance both entropy 

generation rate and the dominant effect of fluid friction 

irreversibility  near  the  walls  while  an  increase  in  the 

 

 
and 

A0N()=1, A
d  

() 
j 1 

j 1 
ij 

, (A4) 

magnetic  field  intensity  inhibit  the  entropy  generation (  ,   ) ( N 1) 

rate and the dominant effect of heat transfer irreversibil- Fd   

U 

O  as  0, (A5) 

ity around the centreline region of  the channel is en- 

hanced. Our results will no doubt be of interest to lubri- 

where d≥1, i =1, 2, 3. The condition (A4) normalizes the 
Fd and ensures that the order of series 

d
 

AiN increases as i 

cation engineers in improving the efficiency and effec- 

tiveness of hydromagnetic lubricants used in engineering 

systems. 
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Appendix 

 
Hermite-Padé approximation procedure: In order to 

and d increase in value. There are thus 3(2+d) undeter- 

mined coefficients  bij in the expression  (A4). The re- 

quirement in Eq. (A5) reduces the problem to a system of 

N linear equations for the unknown coefficients of Fd. 

The entries of the underlying matrix depend only on the 

N given coefficients ai. Henceforth, we shall take 

N=3(2+d), (A6) 

so that the number of equations equals the number of 

unknowns. Eq. (A6) gives the condition for chosen the 

values d, and it is very important to note that the value of 

d depends on the N coefficients of the partial sum avail- 

able. Eq. (A6) is a new special type of Hermite-Padé ap- 

proximants. Both the algebraic and differential approxi- 
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A 

A 

 

mants form of Eq. (A3) are considered [15]. For instance, 

we let 

U
(1)

=U, U
(2)

=U
2
, U

(3)
=U

3
, (A7) 

and obtain a cubic Padé approximant. This enables us to 

obtain solution branches of the underlying problem in 

addition to the one represented by the original series. In 

the same manner, we let 

U
(1)

=U, U
(2)

=DU, U
(3)

=D
2
U, (A8) 

in Eq. (A4), where D is the differential operator given by 

D=d/d. This leads to a second order differential ap- 

proximants and enables us to obtain the dominant singu- 

larity in the flow field i.e. by equating the coefficient 

A3N() in the Eq. (A2) to zero [15]. Meanwhile, it is very 

important to know that the rationale for chosen the de- 

grees of AiN in Eq. (A4) in this particular application is 

based on the simple technique of singularity determina- 

tion in second order linear ordinary differential equation 

with polynomial coefficients as well as the possibility of 

multiple solution branches for the nonlinear problem [32]. 

In practice, one usually finds that the dominant singulari- 

 

ties are located at zeros of the leading polynomial (d )   
3N 

 

coefficients of the second order linear ordinary differen-  

tial equation in (A8). Hence, some of the zeroes of (d )   
3N 

 

 
may provide approximations of the singularities of the 

series U and we expect that the accuracy of the singulari- 

ties will ensure the accuracy of the approximants. 

The critical exponent N can easily be found by using 

Newton’s polygon algorithm. If we assume a singularity 

of algebraic type as in Eq. (A2), then the exponent may 

be approximated by 

 

 

 

 
 

N  1
A2 N (CN ) 

DA3N (CN ) 
. (A9)  
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