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SUMMARY 

 

In 2001 a new flow structure in boundary layer flow[1] has been discovered, the structures is called 

soliton-like coherent structures (SCS)[2] which has been considered as a fundamental importance 

in the understanding of transitions from laminar to turbulence. Unfortunately, there is no theoret- 

ical modeling and formulation has been proposed since its discovery. The difficulty comes from 

a fact that Navier-Stokes equation of flow does not directly leads to a non-linear wave equation 

that having soliton-like solution. How to formulate the dynamical process from the Navier-Stokes 

equation is still a challenge problem. This article has tried to formulate the SCS and shown one 

way of doing it. The result shown that the Navier-Stokes equation can not directly be converted in- 

to a nonlinear Schrödinger equation, if without introducing a Landau constant in the Taylor series 

of nonlinear dispersive relation. 
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1 INTRODUCTION 

 
Turbulence is an unsolved classic problem in physics. Turbulent fluid flow is a complex, nonlinear 

multiscale phenomenon, which poses some of the most difficult and fundamental problems in 

classical physics. It is also of tremendous practical importance in making predictionsłfor example, 

about heat transfer in nuclear reactors, drag in oil pipelines, the weather, and the circulation of the 

atmosphere and the oceans. But what is turbulence? Why is it so difficult to understand, to model, 

or even to approximate with confidence? And what kinds of solutions can we expect to obtain? 

In 1883, Reynolds published the outcome of his painstaking flow visualizations in Philosophi- 

cal Transactions of the Royal Society of London, showing that the flow transition in a pipe from 

straight to sinuous streamline depends on the Reynolds number (Figure 1). Transition from lami- 

nar to turbulent flow is still an important problem in fluid mechanics that has attracted numerous 

investigators for more than 100 years. Of various cases, the boundary-layer flow transition has 

received the most attention and has been analyzed more intensively than any other flows. How- 

ever, despite the success of linearized theories in revealing the initial stages of boundary-layer 

instability, there remains a deep void in the understanding of the subsequent nonlinear behavior 

and actual breakdown of the laminar boundary layer. As the present state of affairs, ones effort 

to bridge the gap still has to heavily rely on experimental observations. The classic studies of the 

transition mechanics called the K-regime identified transition as a process involving the formation 

of turbulent spots. 

The difficulties of finding solutions to the Navier-Stokes equations that accurately predict and/or 

describe the transition to turbulence and the turbulent state itself are legendary, prompting the 

British physicist Sir Horace Lamb to remark, I am an old man now, and when I die and go to 

heaven there are two matters on which I hope for enlightenment. One is quantum electrodynamics, 

and the other is the turbulent motion of fluids. And about the former I am rather optimisticł 1932. 
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Figure 1: Reynolds experiment on from laminar flow to turbulence transition. 

 

2 SOLITONLIKE COHERENT STRUCTURES AS NONLINEAR 

TRAVELING WAVES IN TRANSITIONNAL BOUNDARY LAY- 

ER 
 

From classic photo made by Hama and Nautant (1963)[3] (Figure 2). Lee and co-workers pointed 

out that the structure behind the dark region is common to all transition experiments. They ex- 

tensively made study of its features and found its crucial importance in generating and interacting 

various previously discovered coherent structures. Lee and co-workers named such structures the 

SCS. In fact, a SCS is a natural consequence of the nonlinear amplification of a pair of oblique 

disturbance waves consisting of diamond-shaped meshes, which can be easily observed on the sur- 

face of a water stream down a little inclined flat river bed after a short storm. In three-dimensional 

wall bounded flows, as the waves are amplified and evolve to nonlinear stage, the diamond meshes 

travel with speed slower than the main stream and at meantime change their spanned area period- 

ically. 

In general, a solitary wave or a soliton is a self-reinforcing wave caused by the nonlinear mecha- 

nisms of the medium, which is characterized by the following features. 

(a) It is a wave of permanent form. 

(b) It is localized, so that it decays rapidly or approaches constant amplitude at infinity. 

(c) It can strongly interact other soliton and re-emerge from the collision with unchanged shape 

apart from a phase shift. In other words, a soliton is physically defined as a quantum of energy 

or quasi-particle that propagates as a travelling wave in a nonlinear system, and is neither pre- 

ceded nor followed by another such disturbance; it does not obey the superposition principle nor 

dissipates. Thus, soliton waves can travel long distances with little loss of energy or structure. 

A SCS shares some typical characteristics of a soliton. The video made by Lee and co-workers 

shows that the motion of fluid particles inside a SCS has all the above-described properties. 

First, it is really a wave because it is an oscillating disturbance propagating downstream at a finite 

speed. Second, a SCS is a nonlinear wave, which the amplitude develops to a strong localized 

pattern very quickly in the initial nonlinear stage, and obviously decreases, in the later stage of 

boundary-layer transition. Third, a SCS is a nonlinear travelling wave rather than an ordinary 

vortex because it keeps irritating from its birth to death. Finally, the lifetimes of different flow 

structures differ significantly. A SCS has the longest living time compared with other coherent 

structures in wall-bounded flows. 
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Figure 2: Side view of the formation of the kink structure (Arrow A)(corresponding to CSCs 

lately) and the head part of the Λ-votex (Arrow B) by means of hydrogen-bubble visualization 

(Hama and Nautant 1963)[3]. 

 

3 HOW THE FLOWS BECOMES TURBULENT [4]
 

 
How does flow become turbulent? The profundity of the question mandates a meticulous decon- 

struction of its coadjuvantly interacting metaphysics. Underneath the artifice of seemingly chaotic 

cacophony lie deterministic symphonies of motion. To the present day, knowledge of turbulence 

transition remains inchoate. Some bespoke phenomena have consistently manifested in both ex- 

perimental visualizations and numerical simulations (Figure 3). 

At the onset of turbulence transition, the flow becomes three-dimensional, characterized by span- 

wise modulations of the streamwise velocity and the formation of a mysterious flow structure 

known as the Soliton-like Coherent Structure (SCS). An SCS is a strong, concentrated, self- 

enforcing non-linear wave. It can persist for long durations of time, and it is strong in that it 

emerges from interactions with other SCSs with little change to its structures except for a shift in 

phase. The SCSs travel downstream at much slower speeds than the mean boundary layer flow. 

However, the transverse flow velocity in the SCS is close to the mean flow velocity. So, the SC- 

S will tend to shed a secondary closed vortex in the upward direction. The interactions among 

the SCSs will ultimately lead to them merging together to form elongated low-speed streaks of 

coherent structures along the wall of the boundary layer. 

The SCSs and the spanwise modulation of velocity induce the formation of a signature structure 

of turbulence transition, the Λ-vortex. The Λ-vortices form at the peak locations of the spanwise 

modulation. The legs of the Λ-vortex comprise two tubes of streamwise vortices. Above the Λ- 

vortex, a high shear layer develops featuring rapidly increasing velocity gradients. The interaction 

between the Λ-vortex and the high shear layer leads to a peculiar phenomenon. The Λ-vortex will 

incline and lift upwards. The inclination of the Λ-vortex causes its tip to enter into the region of 

high shear. The high shear stretches the tip of the Λ-vortex and elongates it. The elongating tip 

deforms into an -shaped vortex. Further elongation would lead to the Ω-vortex detaching from the 



 

 

 

 
 

 

 

 

 

Figure 3: Qualitative sketch of the process of turbulence onset in a boundary layer (Kachanov et 

al 1982)[5]
 

 
Λ-vortex. The detached ends of the Ω-vortex would reconnect to close the loop to form a ringed 

vortex. At this point, the ringed vortex travels downstream and becomes a most crucial element of 

turbulence transition, the turbulent spot. The turbulent spot is believed to be the flash-point from 

which transition to turbulence initiates. Consecutive ringed vortices would overtake one another 

downstream, propelled by the high shear layer, and merge. Within the ringed vortex, disturbance 

waves generated in the flow propagate in concert in the form of wave packets. Inside the wave 

packets the disturbance waves interact and synchronize. This concept is known as space-time fo- 

cusing of wave energy, made famous by Landahl(1972)[6]. When the waves synchronize, their 

mutual additive summation produces spiking signals in the flow velocity, one of the fascinating 

aspects of turbulence transition The pulsating spikes resonate to the point of unsustainable break- 

down, and hence the onset of flow randomization that leads to turbulence. 

The high shear layer would form a kink at its apex that then rolls up into a vortex. The rolled-up 

vortex exhibits similar behavior to that of the ringed vortex with spikes occurring within its core. 

In fact, the rolled-up vortex has been observed to be in synchronization with the ringed vortex. 

The rolling up of the high shear layer causes fluid away from the wall to be swept downwards 

towards the wall and vice versa with eruption of near-wall fluid upwards. The transference of fluid 

leads to another signature feature of turbulence transition, low-speed streaks of high shear stress 

moving downstream along the wall famously known as Klebanoff modes[7]. 

The high shear layer and low-speed streak both will undergo their own instabilities that conclude 

in breakdown to turbulence. The physical mechanisms and dynamics responsible for the series of 

phenomena leading to turbulence remains a classical mystery of science. This topic has drawn in- 

tense study with an illustrious history. In the alternative perspective, the classical work, Schubauer 

and Skramstad(1947)[8], conducts a famous experiment to examine the topic of boundary layer tur- 

bulence transition. The experiment entails a vibrating ribbon that is placed at the base of the inlet 

to a flow channel and acts to introduce perturbations into the flow. The perturbations evolve into 

disturbance waves known as Tollmien-Schlichting (TS) waves[9] that travel downstream. 

As the disturbance waves propagate downstream, they will begin to interact with one another in 

progressive stages of transition towards flow turbulence. Initially, the wave interactions are linear 
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in the linear instability stage. 

Further downstream, the wave interactions become nonlinear. The nonlinear interactions spawn a 

secondary instability in the flow. The secondary instability eventually becomes unsustainable and 

break down into turbulence. 

 

4 FORMULATION STRATEGY 

 
We propose following formulation framework into three steps of analysis. 

1. Sept 1: Pre-stability analysis: Our starting point is incompressible viscous Navier-Stokes equa- 

tion of flows, which is nonlinear partial differential equations have even been solved completely. 

The flow is normally be treated as potential flow and solved by Euler equation, and in many case 

be reduced to linear. 

2. Step 2: Linear stability analysis should be done and to find lower critical Reynolds number of 

stability of laminar flow, in general this Reynolds is too conservative can not used for prediction 

of turbulence. 

3. Step 3Post stability analysis or nonlinear stability analysis should be done to predict the non- 

linear stability of the flow and to find out upper critical Reynolds number, which can be used to 

predict the turbulence sort of context. 

The SCS has been found in above steps and more obviously from step 2 to 3. Since in any sense, 

the SCS is a packet wave, so we can start to look at the problem from wave point of view. Follow- 

ing methodology will be adopted. 

As we known many nonlinear equations such as nonlinear Schrodinger equation (NLSE) has 

soliton-like solution, the water wave with free surface will leads to NLSE. The problem will be 

how to transfer Prandtl boundary equation into the NLSE? Or into a different type of nonlinear 

equation. From experiments and water wave, we have very good reason to predict the SCS is a 

nonlinear dispersive wave, which means that its frequency will be disperse with its wave number 

and amplitude. 

If we can consider the SCS as a nonlinear dispersive group waves as nearly monochromatic waves 

in which the energy is almost concentrated in a single wave number, then we need a nonlinear 

equation like a for linear dispersive wave. In the following, we will see the linear dispersive wave 

will lead to linear Schrodinger equation, and nonlinear dispersive wave will lead to nonlinear 

Schr?dinger equation. But to get nonlinear Schrodinger equation (NLSE), we have to introduce 

Landau parameter to extend the dispersive relation into cubic order of amplitude, since the NLSE 

can not been derived directly from Navier-Stokes equation. The problem now is becoming to find 

the Landau parameter. 

 

5 LINEAR DISPERSIVE WAVE WILL LEAD A SCHRODINGER 

EQUATION 
 

Nearly monochromatic waves u(x, t) are defined by the waves whose energy is almost concen- 

trated in one wavenumber as follows: 

u(x, t) = 

∫
 

k 

S1(k)ei(kx−ω(k)t)dk, (1) 

where , x, t, k, ω and S1 denote space, time, wave-number, angular frequency of dispersive char- 

acteristics with respect to the wave-number and spectrum of nearly monochromatic waves, re- 
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1 

spectively. The profile of the spectrum of nearly monochromatic waves has a peak at k = k0 and 

spreads ϵk (sufficiently small) around k0. 

Nearly monochromatic waves create an envelop and we can see it as swell in ocean. The envelope 

created by nearly monochromatic waves satisfies the following linear Schrödinger equation as 

follows 
∂A(x, t) 

i( 
∂t 

+ ω′(k0) 
∂A(x, t) 

) + 
∂x 

ω′′(k0) 
2 

∂2A(x, t) 

∂x2 
= 0, (2) 

where A(x, t) is the amplitude of nearly monochromatic waves of the function of space x and 
time t.  A(x, t) acts as the envelope of traveling waves, ω(n)(k) = dnω(k)/dkn means the n-th 

derivative of ω(k) with respect to k. 

We consider plane traveling waves u(x, t) with dispersive characteristics of the form: 

u(x, t) = A(x, t)ei(k0x−ω(k0)t) (3) 

as an approximation of the class of u(x, t)in Equation (1). 

This is based on the assumption that most of the energy is concentrated in one wave-number k0 

(nearly monochromatic waves) and the amplitude A(x, t) is not constant but varies slowly in space 

and time. So, A(x, t) is derived from Equations (1) and (3) as follows: 

A(x, t) = 

∫
 

k 

S1(k)eiP1(x,k,t))dk, (4) 

where P1(x, k, t) = (k − k0)x − [ω(k) − ω(k0)] The time derivative of A(x, t) is 
∂A(x, t) 

= 

∫ 

∂t k 

(−i)[ω(k) − ω(k0)]S1(k)eiP1(x,k,t))dk. (5) 

Moreover, the spatial derivative of is obtained as follows 

∂nA(x, t) 

∂xn 
=

 

∫ 
(i)n 

k 

(k − k0)
n
 

 

S1(k)e 
iP1(x,k,t)) 

 

dk, n = 1, 2, 3, .. (6) 

On the other hand, the dispersive relation of can be written as the following Taylor expansion 

based on the profile of the spectrum defined in equation (1). 

ω(k) = ω(k0) + ω′(k0)(k − k0) + ω′′(k0)(k − k0)
2 + 

2 
ω′′′(k0)(k − k0)

3 + .... (7) 
3! 

Substituting the relations of Equations (6) and (7) into Equation (5) leads to the following 

∂A(x, t) 
∞ 

= 
∑

(−1)nin−1
 
ω(n)(k0) ∂nA(x, t)  

. (8) 
∂t 

n=1 
n! ∂xn 

Equation (8) represents the higher order governing equation that governs the amplitude of nearly 

monochromatic waves, namely, the equation that the envelope of nearly monochromatic waves 

satisfies. Neglecting the third and higher order of spatial derivatives in Equation (8), we obtain the 

linear Schrödinger equation (2). 

 

6 Nonlinear dispersive wave will leads a nonlinear Schrödinger e- 

quation 
 

Nearly monochromatic waves u(x; t) are defined by the waves whose energy is almost concentrated 

in one wavenumber as follows 

u(x, t) = 

∫
 

k 

S(k)ei(kx−ω(k,λ,|A|  )t)dk, (9) 

1 1 



k 

where is a control parameter which control the system externally. For example, when one studies 

the propagation of waves in fluid the pressure or density could be considered as the control pa- 

rameter. For k near k0, we may expand ω(k, λ, |A|2 in a Taylor series and for weakly nonlinear 

situations 

ω(k, λ, |A|2) = ω(k0, λ0, 0) + ω′ (k0)(k − k0) + ω′′(k0)(k − k0)
2 + ω′ (λ − λ0) − β|A|2, (10) 

k 2  k λ 

where the suffix denotes partial differential with respect to the particular variable, such as ω(n)k = 

d(n)ω/dkn, β = dω/d(|A|2). 

Now we choose ω0 = ω(k0, λ0, 0) and group velocity cg = ω′
 = dω/dk, Then we have non- 

linear Schrdinger equation from the non-linear dispersive wave as follows 

∂A ∂A 
i( + cg ) + 

1 ∂2A ω′′ − ω′ (λ − λ0)A + β|A|2A = 0, (11) 
 

 

∂t ∂x 2  k ∂x2 λ
 

where β is called Landau constant. If we do not take into account of external control parameter, 

then equation (11) becomes 

∂A ∂A 

i( ∂t 
+ cg ∂x 

) + 

1 ∂2A ω′′ + β|A|2A = 0, (12) 
2  k ∂x2 

The problem becomes to determine the Landau constant, once the Landau constant can be con- 

firmed then its solution can be solved by Lie symmetry method and will lead to a soliton solution. 

 

7 PRANDTL BOUNDARY LAYER (1904) 
 

The boundary layer concept was first defined by Ludwig Prandtl [?] in a paper presented on August 

12, 1904 at the third International Congress of Mathematicians in Heidelberg, Germany. It simpli- 

fies the equations of fluid flow by dividing the flow field into two areas: one inside the boundary 

layer, dominated by viscosity and creating the majority of drag experienced by the boundary body; 

and one outside the boundary layer, where viscosity can be neglected without significant effects 

on the solution. This allows a closed-form solution for the flow in both areas, a significant simpli- 

fication of the full Navier-Stokes equations. The majority of the heat transfer to and from a body 

also takes place within the boundary layer, again allowing the equations to be simplified in the 

flow field outside the boundary layer. The pressure distribution throughout the boundary layer in 

the direction normal to the surface (such as an airfoil) remains constant throughout the boundary 

layer, and is the same as on the surface itself. 

The deduction of the boundary layer equations was one of the most important advances in flu- 

id dynamics and according to Lighthill, Prandtls boundary layer has had the same transforming 

effect on fluid dynamics as Einsteins 1905 discoveries had on other parts of physics which were 

celebrated in 2005 as the World Year of Physics. Using an order of magnitude analysis, the well- 

known governing Navier-Stokes equations of viscous fluid flow can be greatly simplified within 

the boundary layer. Notably, the characteristic of the partial differential equations (PDE) becomes 

parabolic, rather than the elliptical form of the full Navier-Stokes equations.  This greatly sim- 

plifies the solution of the equations.  By making the boundary layer approximation, the flow is 

divided into an inviscid portion (which is easy to solve by a number of methods) and the boundary 

layer, which is governed by an easier to solve PDE. The continuity and Navier-Stokes equations 

for a two-dimensional steady incompressible flow in Cartesian coordinates are given by 

Continuity equation 
∂u ∂v 

+ 
∂x ∂y 

= 0 (13) 

1 



Balance of momentum 

∂u ∂u ∂u 
+ u + v 

∂t ∂x ∂y 
∂v ∂v ∂v 

+ u + v 

 

1 ∂p 
=  − 

ρ ∂x 
1 ∂p 

=  − 

 

 
+ µ( 

 
+ µ( 

 
∂2u 

∂x2 
+

 

∂2v 
+ 

 
∂2u 

∂y2 

∂2v 

 

 
) (14) 

 
) (15) 

 

where u and v are the velocity components, ρ is the density, p is the pressure, and µ is the kinematic 

viscosity of the fluid at a point. 

The approximation states that, for a sufficiently high Reynolds number the flow over a surface can 

be divided into an outer region of inviscid flow unaffected by viscosity (the majority of the flow), 

and a region close to the surface where viscosity is important (the boundary layer). Let u and be 

streamwise and transverse (wall normal) velocities respectively inside the boundary layer. Using 

scale analysis, it can be shown that the above equations of motion reduce within the boundary 

layer to become 
∂u ∂u ∂u 

+ u + v 
∂t ∂x ∂y 

1 ∂p 
= − 

ρ ∂x 

∂2u 

+ µ ∂y2
 

(16) 

and if the fluid is incompressible (as liquids are under standard conditions 
 

1 ∂p 
− 

ρ ∂y 
= 0 (17) 

 

The asymptotic analysis also shows that v , the wall normal velocity, is small compared with u 

the streamwise velocity, and that variations in properties in the streamwise direction are generally 

much lower than those in the wall normal direction. 

Since the static pressure p is independent of y, then pressure at the edge of the boundary layer is the 

pressure throughout the boundary layer at a given streamwise position. The external pressure may 

be obtained through an application of Bernoulli’s equation. Let u0 be the fluid velocity outside the 

boundary layer, where u and u0 are both parallel. This gives upon substituting for p the following 

result 
∂u ∂u ∂u 

+ u + v 
∂t ∂x ∂y 

= u0 
∂u0 

∂x 

∂2u 

+ µ ∂y2
 

(18) 

plus continuity equation remains unchanged, and with the boundary condition. 

For a flow in which the static pressure p also does not change in the direction of the flow then 

∂p/∂x = 0,so u0 remains constant. Therefore, the equation of motion simplifies to become 
 

∂u ∂u ∂u 
+ u + v 

∂t ∂x ∂y 

∂2u 

= µ ∂y2
 

 

(19) 

 

These approximations are used in a variety of practical flow problems of scientific and engineering 

interest. The above analysis is for any instantaneous laminar or turbulent boundary layer, but is 

used mainly in laminar flow studies since the mean flow is also the instantaneous flow because 

there are no velocity fluctuations present. 

 

8 From Prandtl boundary layer equation to a nonlinear wave equa- 

tion 
 

After numerous attempts of attacking this problem, we found there is no general way to covert the 

Prandtl boundary layer equation to a nonlinear wave equation in a accurate way, different strategy 



l 

+ ω′ + cy 

might leads to a different form. Here we like to report one outcomes of this research. It will be 

honest to say this research has not been completed and still have more work to do. 

Let velocity field as its simplest format as follows 

u(x, y, t)  =  aeiθ (20) 

v(x, y, t)  =  beiθ (21) 

where the amplitude a and b are a constants, and the phase function θ = kx + ly − ωt , and k, l 

are wavenumber and ω angular frequency. 

Substituting equation (20,21)into continuity equation (13), we have 
 

ak + bl = 0 (22) 
 

and substituting equation (20,21)into equation(19), we have linearized relation 

−iaω + ikau0 + ilav0  = −l2aµ (23) 

without including external control parameter, we have Taylor series 

ω(k, λ, |A|2 = ω(k0, λ0) + ω′ (k0)(k − k0) + ω′(k0)(l − l0) 
+ 1  ′′ 2 1  ′′ k l 2 1  ′′ 2 (24) 

2 ωk (k0)(k − k0) + 2 ωl (l0)(l − l0) + 2 ωkl(k − k0)(l0)(l − l0) − β|A| + .... 

In boundary layer, steamwise change is less than spanwise, so after omitting the higher order terms 

along streamwise, we can approximately rewrite (24) as 

ω(k, λ, |A|2 = ω(k0, λ0) + ω′ (k0)(k − k0) + ω′(k0)(l − l0) 
k 

+ 1  ′′ 2 2 (25) 
 

So the equation (23) becomes 

2 ωl (l0)(l − l0) +) − β|A| 

 

−ia[ω(k0, λ0) + ω′ (k0)(k − k0) + ω′(k0)(l − l0) 
k l 

+ 1  ′′ 2 2 2 (26) 

2 ωl (l0)(l − l0) +) − β|A| ] + ikau0 + ilav0 = −l aµ. 

In equation (26) we have used relation of A = a exp(i(θ − θ0) and θ = kx + ly − ωt. 

Using the continuity equation, the above equation can be rewritten as 

−ia[ω(k0, λ0) + ω′ (k0)(k − k0) + ω′(k0)(l − l0) 
k l 

+ 1  ′′ 2 2 2 (27) 

2 ωl (l0)(l − l0) +) − β|A| ] + ika(u0 − av0/b) = −l aµ. 

From a naive reasoning analogous, such as 
 

∂ 
 

 

∂t 
∂ 

 

 

∂x 
∂ 

 

 

∂y 

then characteristic equation (26) will be corresponding following equation 
 

∂A ∂A 
i( 

∂t k ∂x 

∂A 
) + α 

∂y 

∂2A 

∂y2 
+ β|A|2A = 0, (31) 

where α = ω′′/2 + iµ, cy = ω′ + bu0 − av0. 
l l 

↔ iω (28) 

↔ ik (29) 

↔ il (30) 

 



+ ω′ + cx 

∂x 

∂A 

l 

j 

l 

then characteristic equation (27) will be corresponding following equation 

∂A ∂A 
i( 

∂t l ∂y 

∂A 
) + α 

∂x 

∂2A 

∂y2 

 

+ β|A|2A = 0, (32) 

where α = ω′′/2 + iµ, cx = ω′ − u0 + av0/b. 
l k 

Since the change of wave amplitude along x is very small and velocity cx is at same order of 

vertical speed, so we have cx 
∂A can be omitted, then equation (32) can be simplified as to 

 

i( 
∂A 

+ ω ′ ) + 

α 

∂t l ∂y 

∂2A 

∂y2 
+ β|A|2A = 0, (33) 

whose corresponding dispersive relation is 

ω = ω′ + αl2 − βB2/l, (34) 

if let A(y, t) = B exp i(ly −ωt), then we can have the phase velocity c = ω/l = ω′ /l +αl −βB2, 

and group velocity cgy = dω/dl = 2αl. 
 

9 Solitons solution and Soliton-like coherent structure (SCS) 

 
Equation (33) is a general nonlinear Schrödinger equation which can be transferred into standard 

Schrödinger equation. 

Compare (33) with (12), it is easy to find difference in between, in (33) there is a viscous term 

which will affect the curvature of the dispersive relation curve. 

The Schrödinger equation (33) has soliton-like solution 

√ 
β

 

A(x, y, t) = Bei(ly−ωt) sinh[B 

2α 
(y − cgyt)], (α > 0, β > 0) (35) 

The soliton solution (36) shows that CSC travel at the group velocity 

cgy = dω/dl = 2αl in spanwise. Its amplitude travels at phase velocity at ω = ω′ + αl2 − βB2/l 

in y direction. 

Equation (33) and soliton solution (37) can be used as dynamical mechanism of Soliton-like co- 

herent structure (SCS). 

 

10 Conjecture of boundary layer thickness 

 
In boundary layer theory, the boundary layer thickness was introduced but there is no way to 

determine its value. With the help of Soliton-like coherent structure (SCS), it might be possible to 

defined the thickness as the y-direction amplitude of the soliton-like wave along in x direction. 

 

11 CONCLUSION 

 
The soliton-like coherent structure (SCS) of flow discovered in a transitional boundary layer is 

fundamental important for the understanding of transitions from laminar to turbulence. This article 

has tried to find mathematical model of the dynamical mechanism of the SCS and here have shown 

one way of doing it. 



The result shown that the Navier-Stokes equation can not directly be converted into a nonlinear 

Schrödinger equation, if without introducing a Landau constant in the Taylor series of nonlinear 

dispersive relation. 

From the investigation, we have confirmed that the boundary layer flow does performance as 

soliton-like wave and has soliton-like structure (CSC). The boundary layer thickness might be the 

y-direction amplitude of the soliton-like wave traveling in x direction. 
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